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¢ AB exams are listed before BC exams.
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FOREWORD

Periodically, the College Board's Advanced Placement Program provides approved, complete solutions for
the Part II problems on AP Examinations in Calculus. College Board Online offers the latest AP Program
information to teachers on the web. The address is: www.collegeboard.org/ap/html/indx(001.html. In addition,
over 14 publications about Calculus are offered by the program. For an AP Publications Order Form write
to: Advanced Placement Program, P.O. Box 6670, Princeton, NJ 08541-6670. To help teachers of Advanced
Placement Caiculus and their students, the Mathematical Olympiads for Elementary and Middle Schools
(MOEMS), a not-for-profit public foundation, sponsors the production of this Solutions Book. The books
for each of the fourteen years from 1982 through 1995 were written by the team Judith Broadwin (Jericho
High School, NY) and Dr. George Lenchner (Executive Director, MOEMS). Upon Dr. Lenchner’s retirement
in 1996, Martin Rudolph (Oceanside High School, NY) was added to the team.

The following people served as consultants:
Ms. Elizabeth Aylmer, Valley Stream Central High School, NY;
Mr. Edwin Bernauer, Westbury High School, NY;
Ms. Eva Demyen, Valley Stream High School District, NY;
Mr. Peter Hollenstein, Malvermne High School, NY (now retired);
Mrs. Sandra Lehmann, Valley Stream South High School, NY (now retired),
Dr. Maxine Lifshitz, Locust Valley Friends Academy, NY;
Mr. Joseph McCormack, Wheatley School, NY (now retired);
Ms. Nancy Paugh, Woodbridge Township School District, NJ;
Mr. Martin Rudolph, Oceanside High School, NY; and
Ms. Shiela Strauss, Hunter College High School, NY.

The manuscript was prepared for publication by Nancy Paugh, Ramona Himpler, and Martin Rudolph.
Ramona is responsible for the first set of computer solutions and Martin for the remaining sets of
computer solutions.

The book is distributed by MOEMS and requests for information should be sent to:

MOEMS

Attn: Richard Kalman, Executive Director
2154 Bellmore Avenue

Bellmore, NY 11710-5645

PHONE: (516)781-2400 E-MAIL: moes@i-2000.com
FAX: (516)785-6640 WEB SITE: www.moems.org

The Calculus problems are from the 1986-2000 AB & BC Part II AP Calculus Examinations. These
problems have been reprinted by permission of Educational Testing Service and the College Entrance
Examination Board, the copyright owners. For limited use by the Mathematical Olympiads for
Elementary and Middle Schools. Permission to reprint the problems does not constitute review or
endorsement by Educational Testing Service or by the College Board of this publication as a whole
or of the solutions it contains.



UsinG THIs Book

Some teachers ask all students to purchase a copy of the Solutions Book for AP Calculus, while others
prefer to have a copy just for themselves.

We asked an outstanding teacher of AP Calculus to tell us how she uses the Solutions Book. Her response
follows,

As a teacher, I use the Solutions Book (which students purchase) as another text. The AP
problems are so rich and varied that I refer to them as illustrative problems all year. If
students use the book correctly (and most do), they try the problem themselves and then
check their solution with the book. Sometimes the student’s approach may be different from
that of the book. In such cases, we discuss the merits of each. This results in thinking of
different ways of solving problems and the relative efficiency of each.

According to former students, the Solutions Book and the notes they write in their copy
serve as a valuable reference when they go on to college.

On the other hand, a teacher may feel that when some students are assigned AP problems, they will copy
from the Solutions Book. Another teacher may argue that if Solutions Books are not available, those students
would copy from other students.

We suggest that teachers explain to students the procedures and attitudes that lead to intellectual growth
and development when using a resource like the Solutions Book. It is important for students to hear this
throughout their school career. When a student attempts a problem without help, the book’s solution should
be hidden. Upon completion, the student should compare his or her solution with that of the book. If the
student’s solution is different from the book’s or has special features, the teacher should discuss it with the
class. '

If a student cannot do a problem, the student should look at the answer or look at the diagram for clues.
Another strategy is to reveal one line of the book’s solution at a time until the student is able to continue
without help. In this case, the student should be advised to retry the problem one or two weeks later to see
if the strategy has been retained.

Used this way, the Solutions Book will become an important resource for the student’s growth and
mathematical development.






INDEX By Toprics

Some topics which appear below may no longer be required. For changes in the AP Calculus courses,
consult the latest Advanced Placement Course Description, Mathematics: Calculus AB, Calculus BC.
Each of the topics listed below gives the AP Calculus examinations of the most recent fifieen-year period
which are related to the topic.

Coding: (1) 87BClab denotes the 1987 BC exam, problem 1, parts a & b; (2) 93AB4(BC3) indicates that
problem 4 of the 1993 AB exam and problem 3 of the BC exam are identical.

Anti-differentiation (initial conditions): 88AB6 89BCla 91ABlab 99ABIlc
Arc Length, Surface Area: 91BC4d 97BCle 97BC3b

Area: B86AB6a 87BC3a(ln x) 88ABS5Sab 88B(C2a 89AB(BC)2a 90AB3a(e®) 91AB2a 91B(C3a
92AB5(BC2)b(e) 93AB3(BCI)b 94AB2(BC1)a(e*) 95AB4(BC2)b 96AB2ab 97AB3abc 97AB(BC)5a
97BC3a 97BC4c 98ABlab 98BCla 99AB(BC)2a 00AB(BC)la

Average Rate of Change: 94AB6¢c 98AB3b

Average Value: 86AB5c 88ABSc 88BC6ab 89BC1b 90BC6b 91ABIc 92AB2c 96AB(BC)3b 97AB4c
98AB(BC)Sb 99AB(BC)3c

Concavity; Points of Inflection: 86ABlc 87AB4b 88AB4c 88BC1b 91AB5h 92AB1b 92BC4 93AB1b
93AB4(BC3)b(Inx) 94AB1c 95BCS 96AB(BC)4d 97AB(BC)5d 99AB4bd 99AB(BC)5d

Continuity / Differentiability: 86AB4 92BC4 94AB3c¢

Curve Sketching: 86AB2 88AB4d(e’) 90AB6 90BC4a(polar) 91ABS 91BC3(e") 95AB1 98AB(BC)5a
Definite Integrai: 90BC6 97AB(B()5a

Derivative, Definition: 86BC6ab 89BC6 93BCé6ab

Derivative, Graph of: 89ABS5 93ARBS 95AB6 95BC6 96AB1 99AB(BC)5 00AB3

Differential Equations: 86BC4 88BC6c 89BCS 91BC6b 92AB6 93AB6 93BC6c 94BC6 97AB(BC)6
98AB4cd 98BC4c 00AB6 00BCo6ed

Differentiation, Implicit: 87BC2a 92AB4(BC1) 94AB3a 98AB6a 00AB(BC)S3

Differentiation (f + g, = g, L , flg(x)}): 87AB2ab §7AB6bc 88ABic 88BCla 89AB4d 90AB2b(In
x) 91AB4be 92AB3c(In x)

Distance Traveled: 87AB1d 90ABic 91BCld 92AB2b 92BC3c(e*) 93AB2c(e’) 93BC2b 97ABic
98AB3d 99AB1d 00AB(BC)2c

Error: 90BC5bc 94BC5c 99BC4b 00BC3c

Expenential Growth: §7BC1 89AB6 96AB(BC)3a

Fundamental Theorem: 87BC6 88BCo6b 91BC4bc 94AB6b 97AB3d 99AB(BC)S 99BC6c 00AB4cd
Improper Integrals: 96BCla



integration Methods: 87BC3ab(parts) 90BC2(parts)
Interval / Convergence (see Series): 87BC4b 88BC4 91BCS5c 94BC5b 96BC2b 00BC3b
Lagrange Error Bound: 99BC4b

Maximum, Minimum: 86ABlc 86AB5Sab 87AB4a 87BC2c 88AB4b(2xe") 88BClc §9BC3 90ABSc
90BC3b 91AB5a 91BCla 92AB3cd 93ABlec 93AB4(BC3la(ln x) 94AB1b 94AB4c(ln x) 94BC4
95AB6d 96BClb 96AB(BC)4c 97AB4a 97AB(BC)Sb 98AB(BC)2 99AB4d 99AB(BC)5¢ 99BC1b
00BC4cd

Mean Value and Rolles’ Theorems: 89AB1c 93AB3(BCl)a 97AB2c 99AB(BC)3b
Motion in a Plane (see Vectors) '

Motion on a Line: 86AB3(In x) 87AB1 88AB2 89AB3 90AB(BC)I 91BC1 92AB2a 93AB2(¢")
94AB4(In x) 95AB2 97AB1 98AB3ac 99AB1 00AB(B(C)2

Parametric Equations: 87BC5(velocity) 89BC4 92BC3(e*) 95BC1 96BC6b 97BC1 98BCo6 99BCI
Polar Coordinates: 90BC4(arca) 93BC4

Precaleulus: 86AB1a(zeros) 86AB2ab(symmetry, asymptotes) 87AB2a(D(f)) 88AB1ab(D(f), symme-
try) 89ABla 89AB4abc(D(f), asymptotes) 90AB2ac 91AB3c 91AB4(absolute value) 92AB3ab

Rectangle Approximation Method (RAM): 98AB3d 99AB(BC)3a

Related Rates: 87ABS 88BC3 90AB4 91AB6 92AB6 92BCSab 94AB5(BC2) 95ABS5(BC3)
96AB5c(BC54) 99AB6cd

Riemann Sums: 98AB3d 99AB(BC)3a
Second Derivative Test: 99AB4d 99BC4c

Series: 86BC5(Taylor) 87BC4ac(Taylor) 88BC4 90BCS5(Taylor) 91BC5(Taylor) 92BC6 93BC5(Taylor)
94BC5(Taylor) 95BC4(Taylor) 96BC2 97BC2(Taylor) 98BC3(Taylor) 99BC4(Taylor Polynomial)
00BC3(Taylor Polynomial)

Slope Fields and Euler's Method: 98BC4ab 99BC6b

Tangents, Normals: 86AB1b 87AB2d 87BC2b 88ABld 89AB1b 89BC4b(parametric equations)
90BC3a 91AB3ab 92ABlc 92AB4(BCl)b 92ABS(BC2)a{e”) 92BC3(e*) 93AB3(BCl)a 94ABla
95AB3bc 96AB(BC)4be 96AB6 97AB2b 97ABS5Sc 97BC4b 98AB4ab 98AB6Gbc 99AB4ac 99AB6ab
99BCoba

Totai Change Given a Rate of Change: 96AB(BC)3d 98AB(BC)5d
Trapezoidal Approximation: 94AB6a 96AB(BC)3c
Vectors: 87BCS 92BC3(e¥) 93BC2 95BC1 96BC6bec 97BCIL 98BC6 99BC1 00BC4

Volume of Solid of Revolution: 86AB6b. 87AB3ab 87BC3bc(ln x) 88AB3ab 88BC2b 89AB2hc
89BC2b 90AB3bc 90BC2ab 91AB2bc 91BC3b 92ABS(BC2)c(e”) 93AB3(BCl)c 94AB2(BC1)be(e’)
95AB4(BC2)c 96ABS5Sa 96BCla 97AB2d 98ABled 98BClbe 99AB(BC)2be 00AB(BC)1b

Volume by Slicing: 88BCS 91BC3c 96AB2c 97BC3c 00AB(BC)lc
Work: 92BC5¢ 96BC5b



(4986 — AB |

1. Let f be the function defined by f(x)=7— 15x+ 9x2— x3 for all real numbers x.
(a} Find the zeros of f.
(b) Write an equation of the line tangent to the graph of f at x=2.
{c) Find the x-coordinates of all points of inflection of f. Justify your answer.

&) T-15x +9x7- x*=0 L
-l 9 =5 7
(N =0 - g -1
-] < —7 Q

~xT¥8x=720 > (x +N(x-N=>0 > x=17, |

The zeros of £ ave 1,11

B) F'x) = ~3x* + I8x-I5
$() = —ja + 3L —1I5

il

]
)

£(2) = 7-30+36-8
%—5 = QCxwa.)

oR

Y = Ix ~13

e_) -F-“(x)‘-'—' ~bx + 18 =0 when X=23

+ "( X‘) 4= -
4 Y
é > ¥

f is concave wpwoard for x <3

£ is concave downward For x>3

Sol $ has an wnflection Poimt when x= 3,

1986 AB1



1986 - AB

9x2 - 36
x¢-9 °

(a) Describe the symmetry of the graph of 7.

2. Let f be the function given by f(x) =

(b) Write an equation for each vertical and each horizontal asymptote of /.
{c) Find the intervals on which f is increasing.

{d) Using the results found in parts (a), (b), and (c), sketch the graph of f on the axes below.

9 (=x)*~ 30 9230
@ Fe = TR - =T

Y- axis Symm e:t‘v-xj

= $(x)

) Vertical as‘jmp"m‘\"eﬁi Y= 3 , X= -3
9y~ 36

Horizental asgmp**'o'\'e,'- Lj"-'-‘-q Sinee ﬁig«ﬁ‘“ﬂ =9
(*=9) (18%) ~ (A%~ 36) (2X) 195~ lbax — 18X+ 72X
C-§ "F’(K\ = = = =
(x2-9) (x*=9)
) - 90x O & v - -
$(x) = T<T 3 ) 3 i’
(X ""qv %ruP»\ of £ A A g Sy

|
s

£ 4 )

+i0

d)

..'-‘t__‘}__.._..._._._

1
|
;
I
do
% 4
A
[
!
l
|
|
-S ’5
f
!
!
|

1986 AB2




1986 - AB3, BC|

3 A pafticie moves along the x-axis so that at any time 72! its acceleration is given by a(#)= -}
At time 7= 1, the velocity of the particle is v(1) = ~2 and its positionis x(1} = 4.
{a) Find the velocity v(#) for ta L
(b) Find the position x(1} for 1= 1.

{c) What is the position of the particle when it is farthest to the left?

D v = fawrdt = S dt = b )+, tZ]
v(iN=-2 =Ll +C, = ( =
vity= Ln(t) -2, tz|

B x (1) = §(Auit)-2)4dt w=dnt  dv=dt
= that -t -2t + d“"”%’” vet
x(l‘):%:l,ﬁ««_l—3+C&@C1=7

x(tY=tUiut -3t +7, t 2]

c,) X’(t)'-‘n v(t}=ﬂ/wt“;l
vit) =0 when Jut =2 or t"-‘-'el

Particle is furthest 't:o v(t): I — I +=
the left when t = e, Porticle | ) >t
arTicle.

| e,
moves: left riaht
Position: x(al)‘-’* 7"‘6:1 3

1986 AB3(BC1)



1986 - AB Y

4. Let f be the function defined as follows.

| x=1}+2, for x<1
Six)=

ax?+ bx, for x = 1, where @ and b are constants.
(a) If a=2 and b=3, is f continuous for all x ? Justify your answer.
(b) Describe all values of 4 and b for which f is a continuous function.

(c) For what values of @ and b is f both continuous and differentiable?

2) TF a=2 and b=3 then £ix)= {-m-s, for x <
Q.XQ-PBX) for xZ|

for X < l: £6Y is e Polxjnomia\ function and s
and X7 | therefore Continuous.
for x=1: £+ =5

Lom _ £0x) = fln (xe2) =R
X2 X2~
4 — r 4 -
JM;(V\_M* *Hx) = ,Q.«.%P_(Qg +5x) =5
)?Lm* £(x) does net exist
1 since Lo  +0¢) 3 L
X X

.. ‘F(x) 1S Contivuous For all % *+ 1.

!f(x).

by For + (&) continuous at X = P,

R, (3-%) = Lim (ax*+b)

X1~ X=>|*

2 = a+b

e) Fix) = {a—f for x <|

ax+b for x|

%i_(“13 = %‘*_(Qa.x-kb)
<l = da +b
& = a + b (Pa.r-t b)
a==3, b=5

1986 AB4



198 b- ABS5, BC &

5. Let A(x) be the area of the rectangle inscribed under the curve y = ¢ 2* 2 with vertices at (~x, 0)
and (x, 0), x = 0, as shown in the figure above. ‘
fa) Find A(1).

(b) What is the greatest value of A(x) 7 Justify your answer.

(¢) What is the average value of A(x) ontheinterval 0=x=27

-*e?.x‘:' ﬁ

a) A(x\=2x%=9\xa , x>0 A(x)

A =2 =5 | |

J -2 2. "“'2)(2.- ’& @ e 3
By A (x)=2aAxe x (—-"!'x)-i- e —x 0 x
= Qe.“&“z(—‘*‘#x'zq- 1), x>0
A'(x) {e_"'“ '- + o+
(- i) 3 ot T 5
5%

_ Graph of Alx): — T
By the First Derivative Test | A has an absolwax. at x= 5.

Pbsolute max of A= a-% e 2 (¥ . e_”'-'i

Sy 2 —ay®
& Av AL) = JoRxe dx L S _dye ¥ ux
A-© 2. = i
R =al ) - -2
=% [e .L“ =

Averase value of A{x) on [0 2] = L’Tfe;-q

1986 ABS(BC2)



198 6~ AB G, BLS

6. The shaded region R shown in the figure above is enclosed by the graphs of y = tan?x, y= %seczx,
and the y-axis.
(a) Find the area of region R.

(b) Set up, but do not integrate, an integral expression in terms of a single variable for the volume
of the solid formed by revolving region R about the x-axis.
y
)

% _.

> A=l (44D dx
Wi 2

= §, 2= - (sex- D] R

(% (1 - s g,

T
= x_'i'mx]
)

o

Point of Iwntersection:

< "|'sz = .Li'm:.._’\_z.ﬁ_
- 19, - ...L hwaxm?g_
= 4 3 X= /4
B dV = (TR*=wr*)dx
e

1986 AB6(BC3)



9% 6= BCYH

4. Given the differential equation % =2y~ 5sin x.

{a) Find the general solution.

(b) Find the particular solution whose tangent line at x =0 has slope 7.

) Method | (Undetermined Coefficients)

General Solution: le = lj'“ + ljp where
4u is solution of ¥ - 2y=0 and Y= Asix + B sy
ﬁ"—'-'a?ti =>-d'%“=§dx=#? L«»g=§x+€.

%
e %H = Ce"zx

Ye = Asiny + Beos ¢
%‘;ﬁ Acwsx = Bsiny
Substiture in gwen equation ¥ -2y =-S5 sinx
Acosx - Bsing = 2{Asinx +Besx) = =5Ssinx
(A-2B)cosy — (B +aAR)sint = -~ 55 %
A-2AB =0

LA+ B =5
5A =0

A=2, B=]

S Yp = A sink + Cos X

P} .
l.}G: C_e;x-!-QSu&)LQHMS’K.

1986 BCA




1986~ BCLH (anﬁmued)

Method &
g . .
-a-%' - 2% = =5 st S
I.n+eﬂr-a.+iv\3 Factor: e Rdx = e&x
-a% d

~a X

ay, -al d(&ax ) ~aX
e Py —Qu}e --Se. Sint  OR —?—‘i—
0) e.“:’x% = —50 e st dx +C

~a % .
s -l X - -a% w=e dv=sinx dx
W) §e Séaxdy = ~&  cosK-R)e Cosxdx [du=-2e dx V= —~CosX
- & "'AK W= 8 1x d\f = QBSXAX
i'.l'.l;) fe, cosxdx = €  Sdax + -QSQ. Sinx dx | du= "‘.Qe d.x V2 SuAX

Substitute W) inte ) :

-ax ., sl X -, -2X

ge “siaxdx = ~e  cosx - .2.[6, Siax + Qge, mm:dx]
- AN = o % —2X,

fe Saxdx = —e CoSX ~d e &nx-"{'g Sty dy

\ - . ~ el X
w’)SSe. siaxdx = ~& Peasx - 2 sinx

Substitute iv) inte AN
- ¥ - 2% - g X
e y=e eosx + e sinx +C

1

aX
os X + A smx + Ce

e
-

0

—Sinyg *+ Qewsw + A0 e~

= Q,+;{Q,=7 '_‘?"C.:%
&

) [ aAX
Cos X + dSnyx + 3 e

it

oS o

1986 BC4(Continued)




98 6~-BL5

. {a) Find the first four nonzero terms in the Taylor series expansion about x=0 for f{x) =+ + x.

(b} Use the results found in part (a) to find the first four nonzero terms in the Taylor series
expansion about x=0 for g(x)=+/1+ x3

(c) Find the first four nonzero terms in the Taylor series expansion about x =0 for the
function A suchthat A'(x)=+/1+ x% and h(0)= 4.

& £0)= £+ ) + £ Er + £ X+ ...
) = (14" = )=l
JF.'(x)‘“ ‘Ji'(l-i—x)—‘/z = flo)=x
et o
0= 5 E)EEY f+>.<\;5/2' = +%»= F

FxY = |+ - X ¢ X

B 3(><3=J£+x3 =+ {x*)
3
g(x\l=-@(x3‘)% | -e-%_ »-_’;%_. + X

) KGOz £ (%3 o h(x)= i(x\
h(x)= gg(xﬁ dx

“sfi-l-—é—-—’%— + I +...)dx
t 1

- ¥« o X 1©

= (4+% + 5 o -@»“pa ..
h(o)= = (

" 7

. A X - X
S hG) 2 B+ x 'f'—g“ =1

1986 BCS




1986~ BLL
6. Forall real numbers x and p, let £ be a function such that f{x+ y) = f(x) + f(y) + 2xy and

lim f(h)
such that h—0 5 =7,

(a) Find f(0). Justify your answer.

(b) Use the definition of the derivative to find f'(x).

(c) Find f(x).

&) ket x=y=0 OR Let x=0
LloraY=Ff (Y +$(a)+ O #(o%-u.j\:-f-(o\-i- 'F(t.j‘)
FO)Y= 24(0) = £(6)=0 f(a)= O

b‘) ‘F’I(X): MW\- ‘F(X+!’\R*‘F(K)
h-+O

Let .j=h. Then f(x+h)=fx)= f(h)+axh

£+ - £6) _ £(h) # Axh

&Y\d h h
Fx+h) =+ o) ,
o A = M T Al AX

£9(x) 7 + Ax

ey £(x) = g(’l-i-:i.x)dx = Tx + x* + O
Sivee 'F'(Cﬂ:Q.s then C =0

SHEFO) = T + x*

1986 BC6




1987 -AB6 |

I. A particle moves along the x-axis so that its acceleration at any time [ is given by a(s) = 6 — 18
Attime ¢ = 0 the velocity of the particle 1s {0} = 24, and at time ¢ = 1 its position is x(1) = 20.
(a) Write an expression for the velocity u(¢) of the particle at any time ¢,

(b) For what values of ¢ is the particle at rest?
{c) Write an expression for the position x{r} of the particle at any time 1.
(d) Find the total distance traveled by the particle from ¢ =1 to ¢ = 3

D vE)= Sa@at = ((6t-18)dt = 3t3- (3¢ +C,
viol= a2t = 3(a)* - 18(a)+C, = ¢, = 24
vie)= 33 -8t + a4

B) Particle is ot rest when v(&)=O.
3{(t?- Lt +8)=0
3(t-4)(t-Q)=0

t=H4 t=

) x(¢) = §vix)dt = ((st?—13e +2d)dt = t3_.qt=2+,24t+¢‘2
X(N=R0 = [-9+24 +C, = (,= 4

x(t)= t° —qt® + adt « 4
d) Method |: x () = [=7 £2% +4 =20 5 piope

X(Q)= 3-36rd8+H =24 oy
x(3)=.27*31+7a2+4=.:a.27 ere 2

Total Distance = [

3
Method 2: Total Distance = 5; l\Mt\ldt

= S‘Qv(t\dt - gjv(t)o(t = (D

1987 ABI



1987— AB L

2. Let flx)= 1 —sinx.
{a}) What is the domain of f?
(b) Find f'(x).
(c) What is the domain of f*?
(d) Write an equation [or the line tangent to the graph of f at x = 0.

o) lsivxxl <] ¥x €& |-smwx2Z20 Vx

Dpe = set of all real numbers g_g.m{x}x € R}

/
L-,) f(x) = (l—sinx)a'
L
~F'(x) = X (!—s’mx) A(-" c.osx)
/ - COS K
P = e
C_) | -=swx O =2  Sing * |

:9_9; = set ot all real K #- ji» + JL'ﬂ"n,} n=any Tn‘f‘e.ger-

A) £ (o) = .Ji-’S'mO = |

/ _ _=CosO I
'G(O\'* = 2.

-QJ | =8O

y-1 = ~x (x-0)
ok

Y = -5 x + |

1987 AB2




1987~-AB3

: |
3. Let R be the region enclosed by the graphs of y = (64x)* and y = x.
(a) Find the volume of the solid generated when region R is revolved about the x-axis.

(b) Set up, but do not integrate, an integral expression in terms of a single variable for the volume of
the solid generated when region R is revolved about the y-axis.

Points of intersection s

> 7 X as &'?'u,mc'ti'on of tjf
—‘f o ¥ = X 4
(,‘4)( = }(4‘ ::i/&lfx @ X"""%—
O = x (x>t4) 4 bt
x=0, x='t
My f\y
T e i ig,;'vl
5 (&N v, vi
i, %}
o 4 > 0 4 ;
o) “Washers : OoR “Shells":
¢ s + +
vy = S (L0 T () dx Ve=am§,y(y -7 )dy
W 1. Y 5
S e - - 102 - £)ay
S e (-]
2 3 3 ¥ b4 e o
‘-"-7?"(?‘“:-'3"}( “T)]o = 27 “"“%
(s
= (%8 -4) = ar (&
G T L 4T
2 - 3
b) “Shells @ oR *Washers :
% Yy e \R
Vy = T So x L(64%) —x]a{x Vy= T!‘S@[ «{z - (‘E‘EF) ]d‘g—
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4. Let f be the function given by f(x) = 2In(x* + 3) — x withdomain ~3 £ x £ 5.
(a) Find the x-coordinate of each relative maximum point and each relative minimum point
of f. Justify your answer.
(b) Find the x-coordinate of each inflection point of f.

(¢} Find the absolute maximum value of f(x).

‘ o X o= —(x=3)X=1) g Noa =
a.) £(x) W;(4+3 i e 4 +£(x) when x i.73

A CO LI S
-3 1 3
G-r'a.[:in ot £ \ /

P has a rel. min. at x=| and a rel. max. 'at X =23

B) £9y) = (x*+ 34 — Hx@x) o 4 (3- x™)
(x*+ 3) (xa+3)a
2UxY= O when x =3

{
h .
: - X

E
{
£x): M S ;
-3 3 3 5
! ]
C,onmv]'i"j of £: d; w } d
£ has wnflection points at x =+t J[3

¥

ey Cheek -P(-S) and F(3), since £(1) is a rel min.
value of + and F(5) < £(3).

F(-2) = 2 4el2+ 3
"F‘ (33 = A /?/w. (2. — 3 _
The absslute maximwm value of F(x)= 2L 12 +3

i
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5. The trough shown in the figure above is 5 feet long, and its vertical cross sections are inverted isosceles
triangles with base 2 feet and height 3 feet. Water is being siphoned out of the trough at the rate of
2 cubic feet per minute. At any time f, let 4 be the depth and ¥ be the volume of water in the
trough.
(2} Find the volume of water in the trough when it is full.

{b) What is the rate of change in /4 at the instant when the trough is % full by volume?

(c) What is the rate of change in the area of the surface of the water (shaded in the figure) at the

instant when the trough is 211 full by volume?

1 . 4V _
Given e = o

D) V=%x2x3x5= |5
15
P) Find 48 when V= 17
h b 2 2
vﬁb&xgq —g:-ﬂ;}-@ L’:"}:T_
o
= = h
15 =4 9 3 2
When V="F _ h =7 and h=% N\
av 1oh  dh l
de T 3 +

. 3
(3,) Find %2* Wwhen V = —‘% o h= 3

A=5b= 12

dA o dh 1o /~a\ _ 4

a< B H4E T 3(*5'_3“ 2

3

Lpr rea. 1S O_L\&hg?n% at ’% Sﬁ-ﬁ"’/m when V= L.;S--fq—
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6. Let f bea function such that f(x) <! and f'(x) <0 forall x.

(a) Suppose that f(b) = 0 and a < b < ¢. Write an expression involving integrals for the area
of the region enclosed by the graph of f, thelines x = a and x = ¢, and the x-axis.

(b} Determine whether g{(x) = }x‘“(“x““““j“l"":'_""“l“ is increasing or decreasing. Justify your answer.

{c) Let & be a differentiable function such that A’(x) < 0 for all x. Determine whether
F{x) = h{ f(x)) is increasing or decreasing. Justify your answer.

) Given: f£(x)< I, x) <0 ¥x, f)=0,a<b<c

£ <o = £ s S‘i'r-a'c:l:hj deareasing on L a.,C-:l

A= §]+60] ax 1

A= S2F6Ydx = () dx P
B g6 = (F6O-1) = ¢'&)==(R6)-1) (F60)

Stmee £60 < | ~ (£ (x) - ET:{Z O, and Fl(x)<o., 3I(>Q>O

Y

. q s ’mcre.&ﬁmg
SR £'(x) <0 =F L£(x) deer ¥ x = £(x)—1 deer ¥V x
Sivee £ <1, FGYI-1 <0 V¥V x. Then

= inc.r-e_a_sinﬂ VY x

}
Feo-T = 300

O Fi)= h(F60) == F(x) = h'(F6a) - +(x)
Since W) <0 and £/(x)<0 V¥V x, F{()>0
<« F is inereasing
orR £'(x)< o = F o\ec_r-e,a_s'mg YV x
Then F(x) > £(x)) when x,<x_
W)y <o = | decr-eogsinﬂ Y x
Then h{(£#&N< h(F(x)) = F is inerea sing
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1. Atanytime ¢ 2 0, in days, the rate of growth of a bacteria population is given by y' = ky,

where k isa constant and y is the number of bacteria present. The initial population is 1,000 and the
population triples during the first 5 days. :

(a) Write an expression for y at any time ¢ = 0.
(b) By what factor will the population have increased in the first 10 days?

(c) At what time ¢, in days, will the population have increased by a factor of 6 ?

Given: —?é—— 5-&3 , tZO; 50 = [0OC, |j5°--: 3000

d _ &t dy  _ dy

R
5
i{’gwo” locoe s 5—‘%-;- (at > by =kt + &,
e =3 ==‘?5fé.=£m3.) ﬁ.=“§" _ :
5 ok y=e @52 &
th=loooe"£&—7 oR
t=0 = y,=0
' + -+t
Ye = !000'5/: Ye = Yo &
jofa3

b) Yio = locos ©

ol
= jooo - 3 = Fo00

Popuia.tion nereased btj o.Factor oF G in First IO dags

A + L 3
¢y LoOO = Jooo e *
L b = t?s = t = ﬁj%‘:% or 5%3&

. Lo
Pol:wlation tricreases lp«j o facter of b é‘j‘;’_g‘“ o 5,203343 d.a,ys
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2. Consider the curve given by the equation y°> + 3x%y + 13 = 0.

dy
dx’

(b) Write an equation for the line tangent to the curve at the point (2, —1).

{a) Find

(¢} Find the minimum y-coordinate of any point on the curve. Justify your answer.
2d 2 dy -
0y 34 g 3(CgE raxy)=0

dy = Xy
dx X= 4 y*

b‘) Y- Y, = m{x=-%,) where (xhld) (52,"'1) a.nd.
medt] Q0L 4

5
(2,0

H

Y + -‘:'r,-f'“(x 2)

c.)‘é’%": O when x=0; x=0 =» zj':aJ"‘I&
. _ =13
%40 ¥V x since ‘j"'m3x"‘+5“
du .
=, F

. >X
G"\"L?\f\ ot té! \ O /’”
Se Y has an a.bsclute. min, ot 3\1 -3 when x=0

Alternate Methods: (Bg Contradiction) ){=o =>5==-3 |3
tja + |23 = “3)&2% Su.ppose. 3 % such that 3‘-—3;/}_3; Then
Sinee y<0, y+i13zo | <8, Lt ¢ = 13- Avo,

or > ~3/73 ‘ Substitute in oriq. eq. ”f3-§.+3xa3 +]3=0

When x=0, =-3/3 or 3><alj=k >0, But 540?3;{2«1<O.

s Y= “3‘1 13 i3 & wmin, Thig contradiction makes the on'jiml

assumption false. <"« y min = ~ /I3
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3. Let R be the region enclosed by the graph of y = Inx, theline x = 3, and the x-axis.

(2) Find the area of region R.
(b} Find the volume of the solid generated by revolving region R about the x-axis.

(¢) Set up, but do not integrate, an integral expression in terms of a single variable for the volume of
" the solid generated by revolving region R about the line x = 3,

Y Ay
Ix,Inx
a-) T oR,
x&
o 1 3 o
3
A%Sl,ﬁv\)(dxx Ht:%:;@ X
' 3
Par ¥ .

A= xbax=x] MEAERE | As (] (3- ey

A=32u3~5L. Az 3nd3-3+]|=23Lu3-2
b) “Dises’ : oR  “Shells”:

y )

Vy = Sf“ﬂ' (2exY dx
Method of Parts (See belew)
Vy = 'rr[x (ﬂwx)a—l(x,&«x— xﬂ?
Vi = 7 [3(£a3Y= 6 Lu3 +4]

V= )y 2TY (3-'eﬂ)dnj
Method of Parts (see below)

a 3
Ve = «Zvr[é"‘d"_-,_ = ye‘j + e,lj:]

=~ O

Vy= am[2880 _ 39,31 5]

. L)
"Dises @

) “Shells ¢ [«1.3
3 A 3 Y3
Vy= -1'!1*{I (3-x) Lux dx I V3 =), 63— e?) ohj
Method of Farts

TIPSR (T el
wzbax dv=dx welluy)®  dvady wey dv=e’dy
du=-§- V=X ﬁl.bl,'-’_‘_l%idx V= X du,=d.‘.5 yeel
Sfm.xdx = x Lux =5dx S (ﬁnxfdx = x(ﬂnx)am g&,{mxdx S’tjc%d‘j- ge.g—- fe,'jdj

= xLax - x =x(£nx)a~£(x£nx—x\ =y ed-ed
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4. (a) Find the first five terms in the Taylor series about x = 0 for f(x) = 1 _1 5%

(b) Find the interval of convergence for the series in part (a).
{¢) Use partial fractions and the result {from part (a) to find the first five terms in the Taylor series

about x =0 for g(x) = a590 = 2

) ~?—(x‘) (1-2)" £(o)= M,o- 31 (12 C2) ;-"v'(o)s;at_a’
Y@ =2 _[+'6a= +l0-207E)  #o)= 412"

'F(x)- -{1-2x) (2)
)= 2l(1-ax) ED Floy=atad

a i 3 v
£ =+ + PO+ 2t +H S + RO+ .

FG)=+ax + T X+ CxT+_ .. = Z(@aﬂ

PG 1+ ax F X 9+ ILxY

. . | _ 3 ¢
AlE. Methed bg 'Long:D'WIsmn‘: —ax = | vax A X e

n‘i’t

] (aﬂn- 1 = IQX|

b Ratio Test : = MJ

Series Converqes IS laxl < | o TH LX< 4

== #(K}" Pt v l+le O Ghich o\'we,r%es

EndPo'\vx‘tSz xr-‘k
X= 'L""";"g(xh-"‘“““"‘I‘*‘..whc&\dwerﬁes

Lrnterval of Cche,raemc,e,. -x <X ‘-—‘5’_

b
Al ernate Method: -3 s o ge_avne:i“wc. Series which Converges
For taxl <! or --—*‘K‘*.z

L. = A B_ _ AU~ +B8(=-2x)
CL) 3(x) = -0 (1%} T aX IR (1= 2 ((_:;(
] - —(A+2p)x +(A+B) A+28=0 -
(-2 G- x) Ci—=axd (1-x> = Asra= }$~ﬂ~.== A=

o

2
a(x) = 1-3% — %

Replace Ax W series (@) by x: = Hx PR

Thew a(x) =20 +ax+$h + 8K+ lox +...3 = (1 +x +x e xb L)

k]
gqxy= | + 3x -*-"T;{q'-i_ISx +31xt
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5. The position of a particle moving in the xy-plane at any time ¢, 0 < ¢t £ 2n, is given by the
parametric equations x = sinf and y = cos(2t).
(a) Find the velocity vector for the particle at any time ¢, 0 £ ¢ £ 2.
(b) For what values of ¢ is the particle at rest?

(c) Write an equation for the path of the particle in terms of x and y that does not involve trigoso-
metric functions.

{d) Sketch the path of the particle in the xy-plane below.

CL} %’.’E"‘“—-‘»Qost n —gi’ﬁ -2 sin(2t) 9 o =t <ar

‘V“t = (cost,}».z;;m(.at}) or _‘7;;: Gost X ~ .J.sd-.(:?t):f

B) particle is at rest when -‘71;': o
Gt-‘-f-o when cost =0 and ~Qsinl2t)=20
or when cost =0 &nd\'—*}s‘mt east = QO

Ta

S d\?t =0 when cest =0 or‘t=%7

) Y = Cos (2€) = cos t - SOt = |- asilt

Y = | -2 x*

d ~

v

~1,~1) i 11,-11
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6. Let f be a continuous function with domain x > 0 and let ¥ be the function given by
F{x) = ff(t)dt for x > 0. Suppose that F(ab) = F(a) + F(b) forai a >0 and 6 >0
and that F'(1) = 3.
(a) Find f(1).

(b) Prove that aF’(ax) = F'(x) for every positive constant a.
(¢) Use the results from parts (a) and (b) to find f(x). Justify your answer.

Q) F(x) = (C$@)dt, x>0 = Fl)= £
FY = 3 =+F0)

b) F(a_x)rn F(oﬂ + F(x}, o pes. const., x > O

d(E(ax)) _ d(F{a) + F(x))
dx A X

a. F'{ax)

i}

F/(x) , O pos. const,

&) ket x=1. Then
o F'(a) = Fi(NY =3 VYa>o0
F,(G.): 3 ,

© Va>o
-, 3
F(x)——;(“,, Vx>0

=

X

£ (x) = Vx>0 (Subst. From (a..)\)

e ]
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1. Let f be the function given by f(x) = +/x* — 16x? .
(a) Find the domain of f,
(b} Describe the symmetry, if any, of the graph of f.
(c} Find f'(x).
(d) Find the slope of the line normal to the graph of f at x = 5.

D % -lbx*20 or x*(x*-[LYZ O
Dt x24, x2-4, x=0

By F£(-x)=4+(x) =
G-r?a.p\f\ of + is symmetric with respect to the |j—aacis

) FxY= 4x3-32x . ax’~ lbx

2 X <16 %= Vx*(x*i6)

d) $(5) = Nz = 2%

-3

S!ope of normal = “@’i}“ggs = Y

w“

B D

1988 AB1




1988~ AB A

2. A particle moves along the x-axis so that its velocity at any time ¢ 2 0 is given
by v(z) =1 — sin (2ns).
(a) Find the acceleration a(r) of the particle at any time /.
(b) Find all valuesof ¢, 0 ¢ 52, for which the particle is at rest.

(c) Find the position x(r} of the particle at any time ¢ if x{0) = 0.

) a(t)= —QAWcsamwt, tZO

b) Particle at rest when v(£)=0 fpV(t)’\
vit)= O when Sinawt=| = | £
arTt = .}’ 5;!"1 ?;r’ = 1
t= g, FL T LYY,

Since ©%t %22, -t—.:-{;;-o,...% z Z

e x(t)::Sv dt = SCi“SFHQWt)dt
= LTt
()= & + &,QLIFW+C

x(a')-.:o..—_oﬁ»f:ﬁ:-i-a > ¢ = "“5%“

| art
x(t)= t + LI - L
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3. Let R be the region in the first quadrant enclosed by the hyperbola x* — y* =9, the x-axis, and
the line x = 5.
(a) Find the volume of the solid generated by revolving R about the x-axis.

{(b) Set up, but do not integrate, an integral expression in terms of a single variable for the volume of
the solid generated when R is revolved about the line x = —1.

o) “Disks :
aV = T n*dx =Tr(x£“q)dx :
Vi = gs(xz—‘i\)dx =7 5 —ﬁx] ;
!
Vo= 7w [(5E - 4s)- ( -an)=HT
-1

oR "Shells’:

i

d\( = 271 ah dy = &th(-s-x')d;.ﬁ
Vi = 2w ]y (5= VAT )ay = an[B5 - (A ok ]

Vi = ar[ (4o~ EE) - 3_;’] = i‘gI_
b) "Shells’: or  “Washers :
dV¥=z 2amwnhdyx dV= W(Ra-n,a)dgj

5 ¥, s 2
Vo =20 S G V=T dx | =TS (6% (e )y
L5 a
M S )
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4. Let f be the function defined by f(x) = 2xe™* for all real numbers x.

(a) Write an equation of the horizontal asymptote for the graph of f.

(b) Find the x-coordinate of each critical point of f. For each such x, determine whether f{(x) isa
relative maximum, a relative minimum, or neither.

(¢) For what values of x is the graph of f concave down?

(d) Using the results found in parts (a), (b), and (c), sketch the graph of y = f(x) inthe xy-plane
provided below. Note: The xy-plane is provided in the pink test booklet only.

A, / . g, .
&) 83 ,Q’H’cprha.is Rch : ,ﬂ;,:;gw"”jé’sr ﬁ,@;n;“—é; u

E%u.qtfon of horizontel a$3mp+o+e : =0

B) fix)= ~axe ™+ 2¢e =2e (1-%)

£'6): + \ -
!

> %

At x=1, a eritical point exists. £ is o relative
max (also an absolute max).

&) #'0) = 2 + (1-¢ae”) = -2 (2-x)

u . -
£70¢) , 1 +_ ox

Grmpk of £ is concave doun .V‘)L'i.el

d’) ~Y
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5. Let R be the region in the first quadrant under the graph of y = xzi 5 for 0sx g ﬁ

(a} Find the area of R.
(b) Iftheline x = k divides R into two regions of equal area, what is the value of % ?

on theinterval 0 S x £ /6 7

(c) What is the average value of y = 5 X
X

+2
o) dA= ydx =-35—d
Y ¥ty 2 % ¥
3 (%)
e X Let w=x+2
A= g Jirg dx du = 2x dx
Ve
z‘h‘h()(a-l"&)]o _
X
= %‘i‘[hg“,&k&]:,ﬁwc’a 0 ve ’
* X

b:) Sox“+a.d"‘=J5£‘“a'> O<-‘fQ<JT:

(o (£+2) -£a2) = F LR

Lo (BEE) = fua = *E2 g
* =T

-
§0 X dy

C',) fj&v = S ¥4+ d = ,QALQ.

Vi Vo

1988 ABS




1988 -AB L
6. Let f be a differentiable function, defined for all real numbers x, with the following properties.
i) f(x)=ax?+ bx
(i) f(1)=26 and f(1) =18
$ 2
(i) | flx)dx = 18
1

Find f(x). Show your work.

£y =ax’+bx = F'x)= 2ax +b
Fid=are =6 }=> a=la, b="b
LU0 = Qath = I8 ’

£ ()= lax™ = bx

+(x) = S(Iax;—6x3dx = 4P =357+ C
jf.(‘ﬁxs-—.Bx&-é—Q) dx = [8 |

[(XQ—XS'PC.X\)]T = |9 -

[(le-8+ac) = (1-1 +c,)] = |8
g + L = |8
¢ =10

£(x)= ¥x>- 357+ |0
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1. Let f be the function defined by f(x) = (x* — 3) e* for all real numbers x.

{a} For what values of x is f mcreasing?
(b) Find the x-coordinate of each point of inflection of f.
(¢) Find the x- and y- coordinates of the point, if any, where f(x) attains its absolute minimum.

a) $1) = (x2=e* + 2xe™ = " (x+3)(x-1)

X4 3 - + .
- —m ] L ‘
-1 _":3 i  yx
£1x) = + - +

£ is increas'mg when X €"3 o x 2 |

k) -F“(x) = X (2x+2) + * (K +ax-3)= e_x(x;-l- dx—~ 1)
x‘a’+4x-l =QO when x:.’ﬂ"i;@ o Xas "'.‘,ztfgf

%) t - - :
“2=E ak

+ has inflection Pa'm'*'s at x= ~2%t /S

"*‘ N
> X

¢) By First Derivative Test (see(ad), £ has any absolute min.
at (i -3e) on [“3) =), Since -F(x) (x* -3)e* >0 Vox <~ -3,
has an absclute min. at <| -2e), ‘

OR_ F(x) has zeros at x=tJF and a rel. min. at x =

FOO: =+ - : e

q-‘ra"‘ E

So F ohas an absolute min, at (I)”:L&)
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2. Let R be the shaded region between the graphs of y ﬁ% and y =

23x from x =1 1o
x+ 1
X = \/5, as shown in the figure above.

(a) Find the area of R. '
(b) Find the volume of the solid generated by revolving R about the y -axis.

a") dA = (‘ja“ja)dx
i3
A= Sl (% - f&f{)d«x
V3
[34.x —%M(x"-@-!ﬂ‘
(32a¥F =2 2.4) ~ (3401 - 2 4. 2)
3tz =%(fu3-0.2)

i

L]

i ]
M pw
iy s
W
~~
plw &L
[
Yy
L
+

b) "Shells "z
dVy= 2w rhdx = awx(y,-y.) dx
3 /3 _ ax ~ x*
Vy = ‘“"S, x (% - ¥n)dx = wrS'1 (1 - A7) dx

2 . i3
3472 N dx = [ Rmta.n)(],
ﬂtgfrCAmm@ - Aretawl] = G?r[l;;' - *E-]
a
- W
vﬂ 2 y
3l
%Y1
2.‘.
A x.y,]
0 ] \/”32 3
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3. The figure above represents an observer at point 4 watching balloon B as it rises from point C.

The balloon is rising at a constant rate of 3 meters per second and the observer is 100 meters from
point C.

(a) Find the rate of change in x at the instant when y = 50.

(b) Find the rate of change in the area of right triangle BCA at the instant when y = 30.
(c) Find the rate of change in # at the instant when y = 50.

o) HIVERN: %é" =3

B
Ax
Find: JE when \j%SO x
¥
dx &
x*= g+ leo = AxE = y aT b
dx A wo ¢
2L . 505 = 50(3) a2
dx _ 3 x =50+ 100 =50 (14¥)
ac - & x=50{8%

X IS C""“"‘S‘"‘ﬁ at +the rate of ‘f‘%“" "hee when 3 =50 w.

B) Find %‘Qw when L:}’”-SO

- da _ dh| L cp.sa
A= 504> 42 = 50§ z;'zgsso_sos Is0

Y
Area is c_hamﬂihﬁ at the rate of 150 mt./Sec, when 3:50»«..

e) Fiad %’% when 5%‘-50:, x = 508

f
wlofls k8 ds . s G
de =Ty
‘o i s I+ (%)
e = tos 8°7es 3
d&! ;—_?'E—ézw 3-350 f“!"# IQS'
5::.5'0

6 IS C.hamjfng at Hhe rate of

3
jas P“Azéec, when 5:50%-\
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k k
4. Determine all values of x for which the series z m converges. Justify your answer.

k=10

Series Conderaes absclutel Lj i+ Al ___.;*;.‘.'.L
f»eo| Un

u.uh-e—u! - JL'M'"X*” - A (R+2) - }02)( L. (#+ 2)

< |

M Aon. (o + 3 FRE Lt 351
IQ Lolhea)| g oo |0k *‘q_, |
s Fr35 1~ 50w A b e vey BB EY

. . _d
Series converaes F laxl<] & =35 <x “"‘ﬁ ;

. TR <
At e.nd‘:vcm‘t X=3F:+ z; T (Fee D)

I |

5 — | &
LD w2 Y RZO P2 gms Y2 %A

&0 .
; . . - . -
awt Z‘?&T& IS a harmomc Ser es L.Qimck ahveraes.

s The qiven series diverﬂes io(j the aom@a.w.sow test.

- () strictly alternatin
At endpoint x=-% Z'g"(%;gs ) [l > g, | V’kzjo
| i) firm. U = O

e Series Converges GOndff:a'avuaNj at ¥ = --i- , and

. . -
the interval of convergence is:"g £x < I,

B‘j yu Pt"t‘cxis Rule :

!
| anled)| =z | |li+%
s SR P e e e b
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5. The base of a solid § is the shaded region in the xy-plane enclosed by the x-axis, the y-axis, and
the graph of y = 1 — sin x, as shown in the figure above. For each x, the cross section of §
perpendicular to the x-axis at the point {x, 0) is an isosceles right triangie whose hypotenuse lies
in the xy-plane.

(a) Find the area of the triangle as a function of x.
{b) Find the volume of §.

2

Y
4 tx,yl

3
1

_ 2 - (I"s'mx)a :
A

e a
BYV= S (l-—simxfdx = -f;:So (1= 25inx + sidx)dx
[ =]

st

'I'T:/ )
+ Soa(n ~siny + 5 - 852X

T,
_ Sinalx ] A
¥ )

#

= -’.; [3; + R ess ¥

- (F-2)
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6. Let f be a differentiable function defined for all x = ¢ such that J©) =5 and f(3) = — .

Suppose that for any number b > 0 the average value of f(x) on the interval 0 Exs5bh

o JO2S0)

(a) Find j: flx)dx.
(b} Provethat f'{x) ='£(—'—x~)5c——5 forall x > 0.

() Using part (b), find f(x).

QD | SoH0dx _ poye £03) | 5-1 . 2
Yav ) 2 o2

S:-Plx)dx = b

X
B J, H)dt _ L(o) + £
. = = Vx>0 =
X Sx + x Fx)
(, $0dt = = Yx o

.
£i(x) = :2‘('54— x-?’(x)+—-ﬁ(x§)j Vx>o
)= 5+ x-ﬁ'(x\_ = +(x)= -‘E(-?Q{*—g’;-g'vavo

) From b)Y : 44 = 455 = 44 _dx
Laly-sl = Lux +C
At (3=0) Lu b=Lu3 +C = 0 =L 2
da ly-51= Ly + La@ = Lu 2x
‘j""5=~?>< o y-5= -ax
But (3-1) € ¥ aud does not satishy y-5=2x

[

oo 3*5-2-;2.)( ov 3:5—*62)(
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1. Let f be the function given by f(x) = x> — 7x + 6.

(a) Find the zeros of f.
(b) Write an equation of the line tangent to the graph of f at x = =1,

(c) Find the number ¢ that satisfies the conclusion of the Mean Value Theorem for f on the
closed interval [1, 3).

&) F(x)= x3-Tx + b I 0 -7 6 |L
(Y= 1 -7 +b=0 |1 -6
FOO = (x=)(x2+x-b) A

= (x=N{x-2)(x+3)
Zeros: |, A.,73

) y- (0= F=DN(x + 1 0 =1+ T+6 = [
£y 3x*-7
y-1a = -4 (x+1) $it-N= 3-7 = -4
or
% = —‘f'x + 8

<) ‘F’(ﬁ)“ “?:,’F’m 1ec <3| $(3)=a1-a1+6= la
3¢-7= Z =06 |

30 = 3
/3

cfg = 3, /<e¢ &3
7

¢ =73
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2. Let R be the region in the first quadrant enclosed by the graph of y = ./6x + 4, the line
» = 2x, and the y-axis,

(a) Find the area of R.

(b) Set up, but do not integrate, an integral expression in terms of a single variable for the volume
of the solid generated when R is revolved about the x-axis.

{c) Set up, but do not integrate, an integral expression in terms of a single variable for the volume
of the solid generated when R is revolved about the y -axis.

a) dA = (Aj.-s-qj;)dx 4‘[3’

- (x.y
A= SO(be+:} - ) dx
A= (GX-!""'\)J/& - X&]& (xyy3}
6% o
A=[(%i"4)“'§*‘]=ﬁ§“ v 5
Jex+9 = ay
bx+4 = #x*

Ax=3x=-Q= 0O
(@ax+D(x-a)= 0o
X"—""*&'«;&
BY dVy = 7 (y*-y?) dx

Ve = 7§ (6xe t = #x®) dx

¢) dVy= arx (5;“‘“}.1)dx
a
V,ﬁs é?r,f;x(Jcoxw# "-'Zx)dx
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3. A particle moves along the x-axis in such a way that its acceleration at time ¢ for 1 = 0
is given by a(¢) = 4 cos (21). Attime ¢ = 0, the velocity of the particie is v{(0) = 1 and its
position is x(0) = 0.

(a) Write an equation for the velocity v(¢) of the particle.
(by Write an equation for the position x(¢) of the particie.
(c}) Forwhatvaluesof r, 0 £ ¢t £ =, is the particle at rest?

Given: a(t)= Heos(@t), w(o)=l, x(o)=0
o) v(£)= [tws@)dt = 2Asinlat) +C,
vioy= [=2smo+C, > ¢ =]

WYz 2 she (2t) + |

By X (€)= §(2sin(at) +1)dt
= ~cos (@) + £ -a»C.&
x(o)=0==cos@®) +0 +C, H (, = |

X(t)=z —-cos(at) +t + |

¢) Particle is at rest when v(£)=0
Fit) = 2sin (2E) +| =0 when
Sin (at) = "fi:
Then &2+ = l——- o ﬂ or
7

s

[ o
AR ks
+ 2 °r
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4. Let f be the function given by f(x) = X

x?— 4

(a) Find the domain of f.

(b} Write an equation for each vertical asymptote to the graph of f.
() Write an equation for each horizontal asymptote to the graph of f.
(d) Find f'(x). '

a) Dg: x<-q or x>2

b) Vertical a,33mp‘ta'tes: X=2, X="

' . X X
e Lim = | ' = -
) Xpoo yi-u L3 %::« Vx4 !

Horizontal as‘jmp'totes? 5= / , 53 =/

X * %
& 4+ = ¥ - afEy . x"-—#-;“
x3-4 (x2-4)"
oy o
'F(x)-w

i o e e i e e v h oy — = .

)
1
N

-

P ma mms me e ed e e L M o i o M et

-—2-—
-
i}
t
ey

S

I
]
'
i
I
i
i

1989 AB4




1989 - AB S

~10 =9 -8 A7 ~6 -5 —4 ~3 -2 ~

Note: This is the graph of the derivative of /, not the graph of /.

The figure above shows the graph of /7, the derivative of a function f. The domain of [ is the
set of all real numbers x such that -0 £ x < 10.

(a) For what values of x does the graph of f have a horizontal tangent?

(b)Y For what values of x in the interval (—10, 10) does f have a relative maximum?
Justify your answer,

{c) For what values of x is the graph of f concave downward?

a.) ¥ has a horizontal "hu\ﬁen‘t at points where
£y = O. This ecewrs at x==T,-1,% 8

' ¢
_{b R,
! deer: |

+

b $x):
{

£ has a relative max, at x==| and at x = &

£+ continuous at xX=a.

+ 'w\c.rea,s'mﬂ when x<a. b = £(a) is o relakive max.
£ decreasing when x>a.

3 S

]
:
={
f t ., ] ]
wern, | deer | wew. |decr)

Q'\-)"@”(x):: +-:m:+‘fue
~fo -3 52 o io

+ 1S Comcave down when =3<x<2 or < ¥ < o
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6. Oil is being pumped continuously from a certain oil well at a rate proportional to the amount of
oil left in the well; that is, % = ky, where p is the amount of oil left in the well at any time ¢.
Initiaily there were 1,000,000 gallons of 0il in the well, and 6 years later there were 500,000 gallons

remaining. It will no longer be profitable to pump oil when there are fewer than 50,000 gallons
remaining.

(a) Write an equation for p, the amount of oil remaining in the well at any time ¢.

(b} At what rate is the amount of oil in the well decreasing when there are 600,000 gailons of oil
remaining?
{c} In order not to lose money, at what time 1 should oil no longer be pumped from the well?

o) %‘é‘s'&,ﬂ . lﬁfcﬂleb, 5((5):5;([95

= Gt $Mnjl=ﬁ“t +C, > 3=C.akt

z
b Iy
Y(o)=10"=Cs y()=5x10 = 1o’ » ®*. &

R R I A I

g(tw iobe Tt oRr 5(«.‘:): iob(%)%

by Find %%— when 5&):. &oo,000
‘%%" = ﬁ‘j #(fbﬂu«fk)(éoo,ooo)'z “Iaojaoa,&\,g

The amount of oil is decreasing at rate of
l00,000.Ln & 3“”“5/‘:56&" when y(t)= 600,000,

e) It is not pro?fi‘gble. %Pump oil when Y £ 50,000

B2y ~(8n2)¥
5C-t\)=5xlo4= Iobe,(t = ﬁf@;%@f )¥e
~bn 20 = -Ln2 (F) > ¢ = ka2

Sinee Y 1§ steriet I“j decrems?wa, et is not Pro@t:f‘able.
+o pusp oil when £t Z bhw 206/ Ao 2
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1. Let f be a function such that f"(x) = éx + 8.

{a} Find f(x) if the graph of f is tangent to the line 3x — y = 2 at the point (0, — 2).
(b) Find the average value of f{x) on the closed interval [— |, 1].

2 £1x)= Slex+Rdx = 3x* + 3x + C,

Sle pe ot 3)(«-(5-—9\ is 3., Then ‘P(d) 3= C,
'?‘(x)= 32+ 8x + 3

'F(x):‘ j(sxa-i-gx '@“3)&)( = x3+- L’an + 3% + C‘a‘
(o) et = fLflo)=-a=C_,

£(x) = xg +4x*+3x -2

e
% 3 a |
= 3 v 4 - 32X ""2"1..
ol
=[(fedrd-a)-(F-4+2+a)
)
. al{s-2 _
‘pﬂ\l ‘g-p\ ) = “‘“‘“"‘%
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2. Let R be the region enclosed by the graph of y = 2x+ i
: X

(a) Find the area of R.

, the line x = 1, and the x-axis.

{b) Find the volume of the solid generated when R is rotated about the y-axis.

o) dA#gdx N
j F e I
ﬁzgo .ﬁdx zjxa“ﬂ dx {x.y) y=xgi1

!
A=50(l xﬂ)dx | <
_l 0 !
A=z ¢~ MMX]Q
DA | -
A L4 %31 TXE —
xiel
=i
b) By “shells":
V.jua‘zﬂ"rhdx = Q7 xydx
o i |
Vﬂ-w??rj X -r--—dx ‘-'»o?.‘irj;x(l--;r;r)dx
V.j Avrf (x - gr;—,"')dx
Ne!
V‘jzé’h’[i EMQ('P)]Q
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3. Consider the function [ defined by f{x) = e*cos x with domain [0, 27].

(a) Find the absclute maximum and minimum vatues of f(x).
{b) Find the intervals on which f is increasing.
(c) Find the x-coordinate of each point of inflection of the graph of [

o) $(x)=e"wsx, x e€[o,ar]
£Ux) = —e”sinx + e®etosx = " (eos x = Sin x)
%) = O when cosx =Sk =0 or tan x = |
£14)=0 = x= " or T4

ST/

o | | 4 has an abs, min. of &
4 e s =
ST/ -5 /i and an abs, max. of 27
27 e®m
B) +/(x) = " ( cos x - sinx) (See graph below)
‘9,(1‘): b, ~ ¢ r 4
© % S an

+ is ivxcrea&'mg on E@,v/ap] or [5'",747&7!'Ti

8
ey £ (%) = e,"(»singmaasx\*gx(wsx-sinx)=“-2e,xs£.n><

£y, - . + .
© T aT

$+ has a. pomt ot 'mgle,c,-tian at x=T

W G S e meor et e WNRS AR ovow  eewh ek RO wf et bk RS meEr IR e AR sl menses ey

cos x - sin % |+ - + !
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4, Consider the curve given by the parametrc equations

x=2"=3* and v =" - 121,
dy
{a) Intermsof 7, find Je

(b) Write an equation for the line tangent to the curve at the point where 1 = —1,
(c) Find the x- and y-coordinates for each critical point on the curve and identify each point as

having a vertical or horizontal tangent.

a) 3=t3-/at x= at>-3¢c*
A4 <32 Moottt
dy _ Y _ sttia _ ¢y
d T g T et bt = aki-at
b) When ta=l, x==5 y=il, 33 = L% = =2
: Y AR 2, YFEIR, ax T ava T Ty

Ea?u.a.ti'on ot line 'i"awje,ﬂt 4o cuwrve

=3
Y= = (x+ 5)
OR By 4 Jg—: 29

ey Ceitical peints oecur when t=0 1 a,-a.

£ Critical ponts Tawngent
o X=D, 4=0 Vertical
| X2=1, y==ll Vertical
ol Y= l-h Sa = o Horizontal
—a] X="2%, U= lb Horizontal

1989 BC4
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5. Atanytime ¢ = 0, the velocity of a particle traveling along the x-axis is given by the differential

equation %{ — 10x = 60e.
!
(a) Find the general solution x () for the position of the particle.
(b} If the position of the particle at time 7 = 0 is x = —8§, find the particular soiution x(7) for
the position of the particle,
(¢} Use the particular solution from part(b) to find the time at which the particle is at rest.

o) ITmteaqrating Factor: a) Methed ot Undetermined

@ = g -lodt _ -lot I Coefficignts:
Muttipky both members of given i) Homoseneous Sohetion ()
equation b<j e 1oF Ay - dx
-»;otg& bt e "ok =0 or == /0dt
e one. = 0e
ot Ray = Iot + L
d(xgt ) = L0 e—-lpt Xy = ot +C Cﬁ lot

fd(xe™'"%) = f(ooe. dt

i) Particular Selution (x p)?
xe % =~ +

let xp= C,e®

“a'ge' § e, e

SMBS‘I‘!‘I‘WG"MS T "H‘\a swen

eq ua.:tlon

%c e¥*- locae. = boe’
Qaa =10 ound ngulo&‘*t

()= ~10e¥%4 e

b) X(e)=-gP» ="lo+C or L=Q

X()=-loett+ 20

c) Particle at rest when ﬁ-%
Lid) Geneml Selution:

ot
Xg= Xy + Xp

%__:_40&%*&@&
%% = ROQ%(’“R + e®%)
ﬁ*" O when ~a+e¥f2 0 | b)Y Same

o e"t'm& = 4 = L’;& I e) Same
1989 BCS

¥t

I
I
I
I
I
I
|
I
I
I
I
I
I
I
|
I
|
|
 { Xe= C,e Ewioa
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6. Let f be a function that is everywhere differentiable and that has the following properties.

. _ _flx)+ fh)
() fix + h) = f—x) T f=h) for all real numbers # and x.

(ii) f(x) > O for all real numbers x.

@) f(0) = —1.
(a) Find the value of f(0).

(b} Show that f(—x) = fl; for all real numbers x.

(¢) Using part (b), show that f(x + k) = f(x)f(h) for all real numbers # and x.
(d) Use the definition of the derivative to find f"(x) in terms of f(x).

a.') Substitute x=h=0 m ():

£(6) + £(
(oY= Frar+fiey = | 3 £6)>0 ¥x (D)

b) Let h=o in (0):
Fx)= %%%ﬁ%? fc-’fntlu F L) Flx)+ ) =
+(-x) = 'fg:'(;;s Fody>o ¥ x (i)

e) f(xrh) = 'F"‘“‘”"" 5 () and (B)

%+ 36

Fixeh)= 00 £(h)

&) ‘F’(x\)a L -F(x-o-:‘)—'f-{x‘) = Bim L)+ £0h) = £(x)
h30 k30 h

= b PO [E=1\2 g -
= L x\(_%),%&m Amoﬂ'ﬂﬁi@l |

= L. F(X) £(0) = £60ED (i)
h-s»0
£4x) = = $(x)
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1. A particle, initially at rest, moves along the x-axis so that its acceleration at any time ¢ 2 0 is given
by a(r) = 12¢> — 4. The position of the particle when 7 = 1 is x(1) = 3,
(a) Find the values of ¢ for which the particle is at rest.
(b) Write an expression for the position x(z) of the particle at any time ¢ = 0.
(c) Find the total distance traveled by the particle from 7 = 0 to f = 2.

) vit)= Satwrdt = 4+t3- 4t + ¢ tzo
V(@)= 0D L =0 and vit)= 1t°-4t = 42 (t%|) 20
vi(£)= O when t=0T|  But t20

vi): . +
o

vit)2 O when t=0, |

[

B) x (8= Jvirds = t*-atie(,
X(N=3 P |-a+C,=3 or C_l_-:‘{-

(€)= t¥-2t*+ 4 tro

€) Total distance (TD) +raveled Hrom t=0 to t=2

€ | X() OR, N D N
Ol ¥, o], = | Solst™ )t |+ | S (utwt)de |
! Ii>q - 2 eyl ) 292
= =[at*-t¥], +[¢ -~ at?]
= I0 = 2 -1 +(8=-¢-))= /o
T = O
@*r&ghsz vit) %} x(t)h ‘
)12
4 i !
e st i3 VoLt
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2. Let f be the function given by f(x) = m(x X 1).

(a) What is the domain of f?
(b) Find the value of the derivative of f at x = — 1.

(c) Write an expression for f~!(x), where f~' denotes the inverse function of f.

a) fx—i.(T>O F x>0 and x> > x>, x|
P A <O and x-[<O F X <O

D)= {xl Xx>| or x&o§

©) d (A (Fr)) _ x| L= =% =
dx TOX (x=DF  X({x=1)

(=13 M(‘%‘T")= L= Lo (x-1} , x >
oy £one (1=X) , X <O

X*l, x40

A (5T = T . x>

dx ::‘ — -;:'X = X-(i(“l') ‘,- ¥ <O
Fi=-D= =3
Q)+ y= Lulfr ok F(F76N) =X
$7 x=,€¢w{;§ﬂ SR Y ):.—x
_%___ _ X 'F”'(XB“I
y= =< 00 x
e Feo-1 = ¢

| x
‘F-(X) =§:T

1990 AB2
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3. Let R be the region enclosed by the graphs of y = ¢*, ¥ = (x — 1), and the line x = 1,
(a) Find the area of R.

(b) Find the volume of the solid generated when R is revolved about the x-axis.

(c) Set up, but do not integrate, an integral expression in terms of a single variable for the volume of
the solid generated when R is revolved about the y ~axis.

a":) df = (‘jl““sn.)dx
A= 5;[3"#(&-0‘2]&;(
c
. Ea“—-—-?—“‘;'a]

o
= E(E"'i)"(o - :_;_")] _ (x.yzl x
A = e __%_ b 1

b) Vi = g;Tf(Ljfmgi‘Mx

w L: [e¥ = (x-*]dx
w4 - 4507,
(- (5 + 4]

v (- &

i

<
®
it

c) Vy S; 2T nhdx = .Q.WS-,: x(g.—qa\)dx
VH = X7 ;X(e,x-— (x-—if)dx
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4. The radius r of a sphere is increasing at a constant rate of 0.04 centimeters per second.

(Notc: The volume of a sphere with radius r is V = gnr3.>

(a) At the time when the radius of the sphere is 10 centimeters, what is the rate of increase of its
volume?

(b} At the time when the volume of the sphere is 367 cubic centimeters, what is the rate of increase of
the area of a cross section through the center of the sphere?

(c) At the time when the volume and the radius of the sphere are increasing at the same numerical rate,
what is the radius?

o) Fiv@l % Wwhen r=]0.

o 3 dv 2 4
Vet fhe H.af g adue i
% 41 (100 (.04) = |6

e [

V is changing at the rate of loT c.ms/sec, when == {0 e,

by Find %@- when V= 36T,

3
fx’=3e7 ¥ r’=27 and r=3

A=wedd S8 oo de o oyay(o) = .24

A s c.kﬂ-«gma at Hhe rate of .24 mafﬁec when =3 em.

e) Find r when %‘é— amd %{- oL mMer'Ec:an e%«w.,l.

A 2y 4 > darsl and r=Vae—

T ¥
o= W tm. when it and dr

are humernm“j ec}u&,
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5. Let f be the function defined by f(x) = sin®x — sin x for 0 € x < 32—“
(2) Find the x-intercepts of the graph of f.
(b) Find the intervals on which f is increasing.
(¢) Find the absolute maximum value and the absolute minimum value of f. Justify your answer.

a) F(x)= Stwx (sux—=1) o<x 3L

)= if Siax=0 or Siny =l
fixy=0 i v =o0,mw, &+

X -intercepts: o, % , T

k) F is icreasing when +1x) > 0.
F/(x)= Q8iax tosx = easX = CosX (Rsinx =1)
Fiix)= O when cosxz=O or siny = 4

! - - _'ff g
‘F(X)—O when X-E— or X = Tw%

i
b " ! +
57 qr

+
T
a, B

Bl -
Q

et

F(x) is increasing when T Ex SF or e x 5 2L

¢) By +he closed iwterval test, X | £
§ has an absoute may. of ol el O
amd an obsolute min. of "-‘&, F ""Jq:
Ll o
Y N g%__ 3
sl
E)
o S
3 3 )
0 - 7 \:-/f{ i{
3 2
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6. Let f be the function that is given by f(x) = %__-._

(i) The graph of f is symmetric with respect to the y-axis.

G) lim f(x)= +®
X2t .

) f'(1)y= -2

(a}) Determine the values of a, b, and c.

P and that has the following properties.

(b) Write an equation for each vertical and each horizontal asymptote of the graph of f.

(¢) Sketch the graph of f in the xy-plane provided below.

a..) g«axis Sejmme'h—j > 'F(;d = 'p(‘"’X)

ax+b =‘“4>“"f 2 axt+tbz-ax+b @ Jax=0 Vx3iJT

‘;.3“{'. et
cola=0]l ok fis an even fu. B 4. =0

L, #0) = L Teme =00 % Liw (x*=c)= O
x>t x»a+ X =% x>

: - —d]. _ b
,Q.;?gr(*#mc.)-o Fle=4s f)= 13
£0x)= = b (x*4Y " 2x

Y= -b (-3)%.2 = —'—'-% = =3 (L)

bch A 'ﬁ()()::

9
x&=-4

f(x)iq

-

b) Vertical as:jmp'i'o'{'esﬁ c,}

\’N

Horizontal a.S«jmp+o+€S . -2

. 9
S Xty

%:-—O

= 0O

1990 AB6




1990 - BC |

1. A particle starts at time 7/ = 0 and moves along the x-axis so that its position at any time f = 0 is
given by x(1) = (+ — 1P (2r ~ 3).

{a) Find the velocity of the particle at any time 1 2 0.
(b) For what values of ¢ is the velocity of the particle less than zero?

(¢) Find the value of 1 when the particle is moving and the acceleration is zero.

o) x(£)= (£-1Y (2t-3), t 20
Vi) s (-2 2 + 3 &-1)*(at-3)
=(t-D*[ace-1) + 3(ae-3Y]
= (-0 (8- 1)

wt)= (£-1) (8t -11)

b§ V‘(‘ﬁ . = — 4+>t rEY= O when t=] or "/8
o | '}/8

V(£) <0 when 0Lt < and t# |

&) alt)= (£-1)-8 + aft-N(8t-)
=& -N[8E-N+a(gt-1)]
= (t-1) (A4t ~30)

alt)= O when t=| or ¥

Since particle is not moving when t=l alt)=0 when t= .

Particle is mwfnﬁ and alt)=0 when t = %-:,

1990 BC1
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2. Let R be the region in the xy-plane between the graphsof y = ¢ and y = ¢~ * from x = 0
to x =2,

(a) Find the volume of the solid generated when R is revolved about the x-axis.

(b) Find the volume of the solid generated when R is revolved about the y-axis.

) d V= (4 -y ) dx

a - A
Vy = ‘rrgo (™~ Vdx |
ax =32 &
e
VX 277‘["%.“ ¥ T—Jo
= L (et ret-(ie0]
Vy = _g_ Ee-* re a—ﬂ ey~ ] x
- 0 2
b al\/5= 21 h dy
' P
Vy = mrfo X (y=ya) d -
3 - =¥ ve & ax
‘-'-;l?rfox(e.x-ex)dx du = dy v =e”
w=x dv= e dx

= o TF[S:X ej‘d% - .(:X e__xalx] dus dx v=-e™
xR |
= aw[xe - +xe "+ e xl,

= mr[(gea-»e';-i-&e—aﬂ%— e - (-1 1-0]

Vy= am (e + 3¢7)
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3. Let flix) =12 — x? for x 2 0 and f(x) = 0.

(a) The line tangent to the graph of f at the point (k, f(k)} intercepts the x-axis at x = 4. What is
the value of £ 7

{(b) An isosceles triangle whose base is the interval from (0, 0} to (¢, 0) has its vertex on the graph of f.
For what value of ¢ does the triangle have maximum area? Justify your answer.

o) f'(x) = -ax XTO , FONZO, or gy
’Q(ﬁ)"oz—;{ﬁ ot ¥ £ QAF
-4 otk £2/3

{k, F{k)})

l2a-% =-24%+ 2%

4£3-2% +12=0

(k=) (k-2) =0

£ =2 orlb, But F(LY<O.

SR =2 .
| 2 0 4,00 7
B A=Fc(la-%) oce <3 '
3
d
A= beo - g £lx)q
oL
48 - -3¢ = s(ibé—c“)
%%30 i'g e..z“”p oy C.'.=l+ f(ag.)
dh , _
dc : + : >0
o 4 43
A has an gbsolute mayx. when o =4

bxj first - derivative test.
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4. Let R be the region inside the graph of the polar curve r = 2 and outside the graph of the polar
curve r = 2{1 — sin 8).

(a) Sketch the two polar curves in the xy-plane provided below and shade the region R.

(b) Find the area of R.

r2x

b‘,‘)A“—" 27 - ,25':/&—%‘3 dé
=amr-2a :/1 '*(’"f"e)l 46
=27 - 4 fow/’(;~:zs4:ne+szn"6)d9
=.2.7r-—‘+5:/a(f*354“9 + 1202220 ) dp
= 2w -4 [Z2 + 2eso - 238 :/a
=a¢r-4£éﬁm - a]
A= 8o

LA |
or, A= D2l d8 where =2 and = a(1-56).
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5. Let f be the function defined by f(x) = —-1——1

{a) Write the first four terms and the general term of the Taylor series expansion of f(x)
about x = 2.

{(b) Use the result from part (a) to find the first four terms and the general term of the series expansxon
about x = 2 for Infx ~ 1]

(¢} Use the series in part (b) to compute a number that differs from In % by less than 0.05.

Justify your answer.

@) #0602 £a) + Hla)ed) + @"(s.)(x‘;a)" R AY N
! ' ! 3!

$60) = (x=1Y |
#(a)= |

£y m 2l (e 2] £ 700 = =30 (k)
)=l £ (@)=~31

£y = =i(x=1)
£y = -1

)= | = (x-2) + (x-a)a--(x-;z)3+... s (x-2) +...

b) d{fnlx=il) 4

dx =1 , > D Lu|x-t] = §4(x) dx
il =y = e e | (ea)t !
L Ix=tl =y - 28 D2 - 06D v | 4¢ V=a) +...+C

When x=a, Lail=a+C 3 L=-2 et
- = - L - - - 3 * w—)h(”a)
Buc =1} = (- = (x=2Y + (x-2) -_(g%z)_h..*-“ (x=2)
od 3

[T

3 Lo - J
C.\-) X',"*E*X'- Mi-&&":& g*.g_*;‘ﬂ.s 2% 4 *...

Since series is S+r-:c.+t|j a.l'i"erma.‘hwﬁ and, Iunﬂ I < ‘U-nl

7
Serues aonverﬂes and ervror & gu-;aﬂl

! ]
3‘:5 +e?m=aj‘3 = R‘I' < .CS

At x k- =.315

Lo 2 ditders from .315 by less Hhaw.0S
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6. Let f and g be continuous functions with the following properties.

(i) g{x)= A — f{(x) where 4 is a constant
. 2 3
i) § r0odx = | g()dx
3
(i) L Flx)dx = =34

3
(@) Find | f(x)dx interms of A.
l
(b) Find the average value of g(x) in terms of A4, over the interval [1, 3].

i
(¢) Find the value of & if jo flx + Ddx = kA,

Hi

&) S?F(x)dx S:L-ﬁ(x)dx + fjnc(x)d.x

W

S’: g(x)ydx - 3A
3
= {2 (A-£6))dx - 3R
3
= {2 Ade - §. lx)dx - 3A

= (A + 3R) — 3A

§2 e00dx = A

3 3 ' 3 3
b) Gayg (X) = &_%cf\ldx = 5 (A—:cﬂdx = 9 Ady -RS,J-‘{xHx

3 ]
= %(Ax]gﬁ) = 7

gawg. (1\}3 %

e) 5;-@0:1—0&% =S?F(x‘)dx S:g(xﬁdx =R A

#

Si g(x.\d.x = 4R ($rowm part a.:)
* = 4
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1. Let f be the function that is defined for ail real numbers x and that has the following properties
B f(x)=24x — I8 ) f ()= -6

(i) f(2)=0

(a) Find each x such that the iine tangent to the graph of f at (x, f(x)) is horizontal.
(b} Write an expression for f{x).

{c) Find the average value of / on theinterval 1 < x < 3,

o) Find each 1 so that ‘F‘l()af—c} :
D) P = a¥x—18 B> £ix)= 12X -8 + L
Wy F (N =~b=12-18 +C # =0
LUxY= 1ax® =18x = Lx (*Rx-3)
'F’()(§=O when X=O’3,7;{]

by £(x)= #x°-9x*+ C,
w)F (=20 H 32-36L+0,=20
FO)={Hx*-qx + 4

oR (L, =4

&y Av +AT = (k- + ) dy
Ry

#

3

(
[(g1-81+12) = (1-3+¥)]

L
&
L
wd,

(la-a) =5

3

Av 'ﬁ{ﬂ] = 5

i
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2. Let R be the region between the graphsof y = 1 + sin(zx) and y = x* from x = 0 to x = 1.

(a) Find the area of R.

{b) Set up, but do not integrate an integral expression in terms of a single variabie for the volume of
the solid generated when R 1s revoived about the x-axis.

(c) Set up, but do not integrate an integral expression in terms of a single variable for the volume of
the solid generated when R 1s revolved about the y-axis.

oy dA= (y,- yzldx
A = gc:(f-é'sin'?fx-—xa)cix 1 il
> 40 1
= (1 +7-§)-(o-7) 1
A=%+5 e 2(F+3%) L g

b) *Washers ¢

Ve oyt -yl dx

V=9 5’; [(l +s:n?rxﬁa'- xq',]alx

C..:) ‘e fzndw;ca.,l Skel‘gw‘.’
9
dV = 2 waR dx
= & x(y-ya)dx

]
V = Q.?rfo%(ws«:uwx«-x*)dx
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3
3. Let f be the function defined by f(x) = (1 + tan x)? for —% < x < -725
{(a) Write an equation for the line tangent to the graph of f at the point where x = 0.
(b) Using the equation found in part (a), approximate f(0.02).

(c) Let f~' denote the inverse function of f. Write an expression that gives £~ (x) forall x in
the domain of f™!.

) g‘jo="m(%“1a)5 m =4§ o)
¥
Fi(x) = 2 (l++m7¢‘)&sm”x

2
)=% s £(o)=|

3
?

Xt o8  Y=Fx+l

H]
Blos

J -1

b) [f (o +.02)% & (ea)+]| = [.03

3/
c) .jz(l-{—mﬂa:, ”%<%<%, 0L i < oo
- ' 2
.aF‘: Xﬁ(,'f’m‘j) 5 O"Y-“""., “%((gcﬂ%
¥
‘f'amtj’zxa"l

£7(x) = Y Anetan (x .. 0

1}

1991 AR3



99| — AB ¢4
4. Let f be the function given by f{x) = I;E:zz.

(a) Find all the zeros of f.
(b) Find f'(1).

(¢ Find f'(~1).

{d) Find the range of f.

Q) lyl-a=0 when x=%T2,
But +(x) is not defined at x=2 .

+ has a zero at X = ~al

b)

= | when xZ20, x#2

+
oR ﬁ_,.x ok "'I+3‘§; when X <O

x;L
Fix)=< X2
x:).
Ty

i 6 £F{x)p
me when x

+{)= O / o

c) ‘Fl("\):% €&~ = = - - - - - .- -

I

£ ) = io when X 70 X2
7

d) max F(x) =

L #00= ins (F1+ Fy) =1

N e

Ramge-‘ -] < L}
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5. Let f be a function that is even and continuous on the closed interval [ — 3, 3]. The function f and its
derivatives have the properties indicated in the table below.

(a)

(b)
(©

Note:

x 0 0<x <1 l<x <2 2 2<x<3
Fix) 1 Positive | 0| Negative -1 Negative
S'(x) | Undefined | Negative | 0| Negative | Undefined | Positive
S"(x) | Undefined | Positive | 0| Negative ; Undefined { Negative

Find the x-coordinate of each point at which f attains an absolute maximum value or an absolute
minimum value. For each x-coordinate you give, state whether f attains an absolute maximum or

an absolute minimum.

Find the x-coordinate of each point of inflection on the graph of f. Justify your answer.
In the xy-plane provided below, sketch the graph of a function with all the given characieristics

of f.

The xy-plane is provided in the pink test booklet only.

) £ is evew 2 £ix)= H-x),,#’(x)r £x)y - < f-3)=$(3) 20

k)

£

+

+ -

al 1
il

-+

&, j.x

£:

-3 lsie.c'.""’2 e :'M.o dee

f dee

2

M

é L4

£ has absel. max. at x= O; absol. min. at x=

T2

£ =

-3

-2

+ has wflection poimts at ye=t|
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6. A tightrope is stretched 30 feet above the ground between the Jay and the Tee buildings, which are
50 feet apart. A tightrope walker, walking at a constant rate of 2 feet per second from point 4 to
point B, is illuminated by a spotlight 70 feet above point A4, as shown in the diagram.

(a} How fast is the shadow of the tightrope walker’s feet moving along the ground when she is midway

between the buildings? (Indicate units of measure.)

{(b) How far from point A is the tightrope walker when the shadow of her feet reaches the base of the

Tee Building? (Indicate units of measure.)

(¢) How fast is the shadow of the tightrope walker’s feet moving up the wall of the Tee building when

she 1s 10 feet from point B ? (Indicate units of measure.)

&) Given : Pt = a
::.-Mu i hen x = 25

= .,..LQQ.O‘X du _ R0
ol bR T Lk &

70

A

50

X

30

A

D

Shadow moves a.lwﬁ c3reuwwl act% canShret rade of %9" #/se.c.

b) Find 2 when L§=5‘O

% _ 7o . lex S50 .
BT T *T oo 35

Tha. Hghktrope walken is 35 P From A whau the shadwo is at C.

c;) Find d%//a,lt when w=4%o
ﬁw o 56"'% - S50 - ’
7e "“' % ¥
b/ = To (F5%) Ve

d _ =To x50 . -85
=4o & Ve = —fEa— A= =

70

30

s

When walker s IO ‘&fwv\& the shadew is an\ﬂnﬁ ufp
Hre wall ot 25 fi’!se,c,

1991 AB6
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1. A particle movcs on the x-axis so that its velocity at any time f = 0 is given
by v(t) = 12¢2 — 361 + 15. At 1 = 1, the particle is at the origin.

{a) Find the position x(¢) of the particle at any time 7 = 0.

{b) Find all values of ¢ for which the particle is at rest.

{(¢) Find the maximum velocity of the particle for 0 < 1 € 2,

(d) Find the total distance traveled by the particle from ( = 0 to ¢ = 2.

o) x(B)= Swdt = 4t 18¢*+i5t +C
X(N=0 =48 +I5+C = C=-|

x (€)= 4t |gt* 5t -1

b) Particle is at rest when V&E)=0
CvE)= 3(4tF— ot +5) = B(at 1) (at-5)

Vit)= O when t= % 57
) vI(t) = 3(Rt-12) P V') =0 whent=%_ ostta
V"(‘b) R —— , 4= :‘t
o 32 2

£y
v{L) is am absdl, mn, D v{0) ov v(@) is aw obsol max.

v(o)r-:IS’:, v(éﬂzg(nﬂ_at—{.@.g): -q

VvV has aw absol. max, of 185 at t=0

d) _t [ x(&)
o | ~1
3.5
£ 1 % 5 Total dist =17

el
2 -u] 13.5

0R Tkl dist. =] Llfi(:.z-t"-ae-t vt |+ | fj;atﬁss-t-a—zs)dt[
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. Let f be the function defined by f(x) = xe'™* for all real numbers x.

(a} Find each interval on which f is increasing.
(b) Find the range of f.
{c) Find the x-coordinate of each point of inflection of the graph of f.

{d) Using the results found in parts (a), (b), and (c), sketch the graph of f in the xy-plane provided
below. (Indicate all intercepts.)

D o= xe ) + e
= '™ (-x +)
“P’(K): < “+ A ‘;x_

|
+ increases when x<|

b) Ra.v\ae of £:
£ has an absol. max. at x=| 2 £(x) € £(1) =1

Ll xe'-x = o
Xp—om

Be ! Coo 1] o PRI

e) Pts. of inflecton
£90%) = 70 + (-8 71
= e ™% (=1 -1+x)= e'™* (X“Q\)
U e - . ¥

£l
¥ has a pt.of Wwflechon at x = 2

A
fix)

.

4
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3. Let R be the shaded region in the first quadrant enclosed by the y-axis and the graphs of y = sinx
and y = cos x, as shown in the figure above.

(a) Find the area of R.
(b)’ Find the volume of the solid generated when R is revolved about the x-axis.

(¢) Find the volume of the solid whose base is R and whose cross sections cut by planes perpendicular
to the x-axis are squares.

o) A= 5:74(%5)( ~$dmx ) %

: s
= ey +0osy.:]a

a=2+E oz
B dVy = 7 (4, ~ys ddx PL.of derscchion:
:W(Go;ax- S‘;Ma)()dx Sy = COS X =
Vx:z?rfo&casilxdqf- Foa ¥ ;3@
e X = “4
Ve = Tsaag], = &

&) dV = (eosx — sdax) dx
e
V= L (eos¥x + $4a"% = 2 s0ax cosx ) dx

5:"’(:-» sin 2x) dx '_ A

'y
+ c'.".-.s'a'b(]'déL
= o

i

i

b3
V=% -% oo I3=
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4. Let F(x) = fx TE 1 dr.
(a) Find F'(x).
(b) Find the domain of F.
© Find lim F(x).

x-—iz

(d) Find the length of the curve y = F(x) for 1 < x < 2.

28
W) fet u=2x. Then Fix)= §°VEE de
4T - [ > Fli) = ACFL) . dw o VoEy

fF ‘= aJHx+2x

by t*+t zo et t, - ok o
et | o

£(6) = VE%t must be conit. on Some inherval T.

F &) does not exist whent € (—-i)o):) Lt} is

emt. if £Zo or t<-~|. Therefore, Ax2z20 = x20
and Ax €1 F x< %, Candidates for T are
EO) ) and (-"‘”) "é]. Sinece the lower bound of
the integral is | and since | € [0 00) ) x cannst
be negative. |
[Det xz0 ok [0, =)

' 2K
Q) Let 6 ()= [JEE dt. Then § VETE dt = ¢(ax) - 6.(1)
14;(.,;.1_’ F—‘(x)r%i_(é—(ax)wﬁﬂﬂ = Mo, G030) — €01) = & L)~ 6(1).

’e‘;ﬁ.!_ F:CK) =0

o 2 2 :
d)ﬂz 5‘ J!i‘(f:l(‘l())l dx = 2 Jf"i""ﬁ"(#)(‘-{—}x)dx :_-’(i Jibxt-{—gx.g-! d){.
2 . a
= 5’;(%%"'3)4{)( = ;2)(44')(]‘ = 84-2._-3

A=1
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5. Let f be the function given by f{t) = WI i 3 and G be the function given by G(x) = j:f(t)dt.

(a) Find the first four nonzero terms and the general term for the power’ series expansion
of f(1) about ¢ = 0.

(b) Find the first four nonzero terms and the general term for the power series expansion
of G{x) about x = 0.

(c) Find the interval of convergence of the power series in part (b). (Your solution must include an
analysis that justifies your answer.)

. S Jod e e gt gy R
@) Flt)= x f+t:;} + + o AIED T
R $(t) = 43 (ke R
#z0
A 4(-;)’&1:3‘@"” *
by G(X)= ft = g+ -~ TF— .+ =z " do
s 4
G (x)= #x - ";" +f§-_ i,;-"i* M '“:Q:HJ e
_ i 6_0-&)(-?&”
OR G(x)= *g;, 2P+
afed

< /%;J—:ql:%ﬁ;/m FW[ :%;m!%ffé " Xai’-’ x”

Series econveryes H xP<| or —j<x<|
Emdpoints :
=1 &y= 4(+-Lt+E-%+.)
X=={® (=4 (-1 +F-5+%L -

*“G-(I‘) ande G(=1) Converge cond{Howalf\j bj et seres test

Tnierval of Qonveraencei HESAE Y

® GO andk G- Converge o T awd =T resPee,ﬁ'vehj
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6. A certain rumor spreads through a communtty at the rate i 2y(1 — v), where vy is the proportion

of the population that has heard the rumor at time ¢.

(a) What proportion of the population has heard the rumor when it is spreading the fastest?
(b) Iattime ¢ = O ten percent of the people have heard the rumor, find v as a function of 1.

(¢c) At what time ¢ is the rumor spreading the fastest?

2y 4 (*ge)
_.............a.g___. - Q«-h}»{j o

4 ().

o-’-u}-ﬁ.\

e -y

¢ §
) 4 i

e
. A
% 15 an absol., rmayx. whaew ‘j= =2

50% of the pop. has heard the rumor whan ik is spresding the fastest.

d A DR —
b) s = adt > S(Lé Foamgldy = 2t +C

Do = Luli-y)=2trC = ,&w%? = 2+ C

_ J‘t-I'C-_ Skt o ”:_j___ i o
-4 =& Tée e g9 Fe
ot
T%q‘: eq whe n ljf-.! amd t=0O
2t
B\.j COMPonenc{o: %: = q
a_e e e em " +
b g atrb  o+d
c2-2'{‘:

du . L
c) aﬁ' is absol. max. when \jf-'ji = ff-g_ = £

0l =29 3 2t =0ud =2Lu3 > te o3

When €= Lu 3, Hhe rumor is spreaddng the Lastest.
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1. Let f be the function defirled by f(x) = 3x° — 5x + 2.

(a) On what intervals is f increasing?

(b) On what intervals is the graph of / concave upward?

(c) ‘Write the equation of each horizontal tangent line to the graph of f.

o) 100 = 15 =154 = 153 (x*-1)
Fl: il e Y

— e - ot
— i - it

1
:
©

-

£ s ‘mereasing when x€ -] o x 2 |

) *'x) = (O x*~30y = 30x(2x~1)

WK

-9"(x)=-o when x“r-'o_‘ ﬁ,l-&-

{.’:Ox-? - - :

B Jadt ¢l = L=

= 6 i
i

%) : -1 +

1+

|
|
}
i
3

"?’ IS Contave up when “E‘%‘-O or X >

) Fl =0 when x =0, %
fy=a $#(D)=0 £(-)=H

Worizontal +M3~e.s«+.s boy= 2, 4y=0, Y= i
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2. A particle moves along the x-axis so that its velocity at time 7, 0 < ¢ < 5, is given
by v(t) = 3(t — 1)(r — 3). Attime ¢ = 2, the position of the particle is x(2) = 0.
(a) Find the minimum acceleration of the particle.

(b} Find the total distance traveled by the particle.

(¢) Find the average velocity of the particle over the interval 0 < ¢ < 5.

o) w(€) = B(t N(e-3)=3t*—jat+d, o2t<5
alt)= v'tE) = 3(2t-4)D alt) is mcream Yt e D
Therefore, &, occeurs at lett-hand endpoint t=0,

Apin. = 0. (0) = = |3

b (6= Sirde = Sa(t‘* 4e+3)dt
= ti-bt¥+9t + L
x(a‘)-o-g A4+ 1B+l =2+C B =R

)= t3- Lt +9t-2

A4

Distance +raveled: T th) Dist.
o
3| 22 |4
5| 187 |R0

Total distance traveled = & wnits

5 -
e) Sowrdt  ti-Ltirat
Var ™ T8 F 5 Jdo

128 - |50 +45
= —= = 4

The average ve.(oci.f‘j on EG) 5] is #

1692 AB2
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3. Let f be the function given by f(x) = In |—=

1+ x%

(a) Find the domain of f.

(b) Determine whether f is an even function, an odd function, or neither. Justify your conclusion,

{c} At what values of x does f have a relative maximum or a relativé minimum? For each

such x, use the first derivative test to determine whether f(x) is a relative maximum or a relative
minimum.

(d) Find the range of f.

o) D = Set of ol real x * O

Py,

. . \ fi{x)
by + is even if +x) = £(x)

)= b 750 = [72] = 000 T I

£is an &ven ‘C'u.ncf‘l'av\ /\ ‘5/’\

e) %0t Flx) sl =L (1 +32)

R T & S b 2
Fle)= Pex® ~ 2 (1e 2D

Fixy=0 i =]
By + =
o |

£ has a relative max, at x=|

W o

*LEO: -F(x) =,£w(-x,) =L (l +-(~x)=')
I IS S - x*
)= o - x (1455

£y L

> %

+ has o relative max. at %=

N Re: $00) S bk = - Lu 2

1992 AR3



1992-A64 BL

. Consider the curve defined by the equation y +cosy = x + 1 for 6 £ y < 2n.

. ody .
{a) Find Ze 1 terms of y.
(b) Write an equation for each vertical tangent to the curve.

2
(¢) Find g“;}')j m terms of v.

0y -

Sun

J
A - w
= T O£y Lo amd yF T

b) bﬂ\ev\ tﬂ=£—j % s net Ae-@tnec{.

|

y=L = L +o0=x+l > x=7 -

'&B.sz«'.aw a‘p Vefutlca.! +Mﬁe,nt: y_; -i{- - |

c.) é—z-‘ég = d(%%) - A (i"é’l‘v\\j)= Cos y
dx ox A x (4"5@\:.0;' %

daL§ _ Cosy
d‘x& (I“Si:ui)a

Y
on |
Graph u % |
ol o ERN S
2
Vo | Ta-i !
i M Tor
37/3 37;;’;*" x !
2| ar ‘
! X
brx oy 3R
v 2 2
bid
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5. Let f be the function givén by f(x) = e™*, andlet g be the function given by g(x) = kx, where k
is the nonzero constant such that the graph of f is tangent to the graph of g.
(a) Find the x-coordinate of the point of tangency and the value of k.

(b) Let R be the region enclosed by the y-axis and the graphs of f and g. Using the results found in
part (a), determine the area of R.

(c) Set up, but do not integrate, an integral expression in terms of a single variable for the volume of
the solid generated by revolving the region R, given in part (b), about the x-axis.

a) At peint of +tangency :
i) F(x) = 9(x) and “#(x)= g'(x)
iy e =Rx and -e¥= R

e¥=-% P -B=ty > =] #e-e

Y= toord. of Pt. O'F"Fa.njemc.ﬁ =-=| 5 &ﬁ -&

b) dR = [ -q(x)]dx Ay
o, _ i
R =£,[e. ¥ (~ex)]dx |
« PR } £(x)
= -e " + X, 5
&e. . D e
== - ("e. + :’f) i X

P
i
»im
i

e) dV= 7 (R A%)dx
o
V = 7r£’ Le:ax—- (ex)&j dx
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6. Attime ¢, { = 0, the volume of a sphere is increasing at a rate proportional to the reciprocal of its

radius. At ¢ = 0, the radius of the sphere is I and at ¢ = 15, the radius is 2. (The volume ¥ of a

sphere with radius r is ¥ = %mﬁ.)

(a) Find the radius of the sphere as a function of 1.
(b) At what time ¢ will the volume of the sphere be 27 times its volume at t = 07

ay &iven -95%— = ff_‘ s when tzo nzly when t=I5 A= 2
Stat = J"Mrn.‘ad.n.
kt+C = wat

t= Om-*l-’% L=
t-IS'A_.Z%'IS'éi-?T”Ié?r > R =7
art =Tt e 2 A= t+]

= (1 +£)"

%) When does V() = 27 V(o)?
4 3 4
V)= 5w (i+t) '3 v(o)= 575 a7 V(o)=3eT
3/ 3/, '
%—w(wt)tsmr > (1+8) =

‘*/3

I+t = &2 = ¥

V{t) = a7 V(o) when t =80
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3. Attime 7, 0 < ¢ < 2m, the position of a particle moving along a path in the xy-plane is given by the
parametric equations x = e‘sint and y = e/ cos t.

(a) Find the slope of the path of the particle at time ¢ =

S

(b) Find the speed of the particle when ¢ = 1.
(c) Find the distance traveled by the particie along the path from ¢ = 0 to ¢ = 1.

a) 84 = oF(sint) + eCeost = e (cost ~Sint)

‘aa%' = &% cost + sint = et(wst+s:nt§

4 .
Ay _ aE  _ test - sint
A % ost +Sint

- .
by _ Losz —Fng _
= X tos T +snL ’

bl

'G") v = ‘3% = J(%%‘)A “"(ﬁ%‘)a = \/e.“(cnst ‘i’S‘En't);'i' e%(a:st- s:‘ut)xm

i

e.tJ Cos*E +2eost sint +STE + o5~ Jeost Sint +503E
e VT
When t=l  speed |s e.EJ

~ | i
[roe Lo - oa]]
E,E """"E = (ﬁ""i)&l’:{

Distamce traveled From t=0 :‘ts! is V2 (e~ lﬂ

ey S =

i
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2x — x* for x £ 1,

4. Let f be a function defined by f(x) = {tg Ykx 4 pfor x> 1

(a) For what values of k and p will /' be continuous and differentiable at x = 1 ?
(b} For the values of & and p found in part (a), on what interval or intervals is f increasing?

(c) Using the values of & and p found in part (a), find all points of inflection of the graph
of f. Support your conclusion.

A & = ¥ = ML fix) = $ =
ay Cont Y t X !%%__ﬁﬂ ‘0“;_;]4- x) () = |
%&#&)-—- | +R+p =1 > R+p=0

£(x} ~

:Di-F-Ceren'i'iafoIH ot ¥=|
Lo +(x) =ﬂm+'FTK)
®-»™ X
Q-2x, LE]

Hix)= {,Exﬂae, %> o

Lo FN=0 M»L,%ci:}f'(x)= 2+ DA+ £ =0 r;t.wd; £ =2

X2

I N

&

R+p=0 P p=2 R="R and p=2

| ) 2-2+v >0 ¥y <]
‘FI(‘.O= O wvhen % =| = ll-{i IS 'lv\creas:v\ﬁ V-;L
g -4 >0 Yy >l

. “2 when x4l o Rz F o,
C‘.-) £ YX)s{ 2 whea x| i

£ s continuous at x=|. Sinee 'F” f_lﬂ.a.naes Szﬂw: on
either side of x=1, (1)1)is a point of inflection.
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5. The length of a solid cylindrical cord of elastic material is 32 inches. A circular cross section of the cord
has radius £ inch.

(a} What is the volume, in cubic inches, of the cord?

(b) The cord is stretched lengthwise at a constant rate of 18 inches per minute. Assuming that the cord
maintains a cylindrical shape and a constant volume, at what rate is the radius of the cord changing
one minute after the stretching begins? Indicate units of measure.

(c) A force of 2x pounds is required to stretch the cord x inches beyond its natural length of
32 inches. How much work is done during the first minute of stretching described in part (b)?
Indicate units of measure.

oy V=il fo=rw(g) <32 =87 ' AR
ViD= 8 i — * >
) t=l 3 R =50 and 81 = wA350 > A =L
P = TR D> AT E and An SE = "{—a. dt.
At t=1 n=§“’, %é" =¥, £ =50

When t =l) A is decreasimj at e rate of ";i" m/m

e 8
ey w=5fF(x)dx =5:f2%4+ = ;'l = /8"

The work dove durdinr Hhe first min. of si’re+ck2vj
s 324 me&—Pomds.
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=9}
6. Consider the series HZZ n? in{n)

, where p = 0.

(a) Show that the series converges for p > 1.
(b) Determine whether the series converges or diverges for p = 1. Show your analysis.

{c) Show that the series diverges for 0 < p < L.

- | |
&Y NZ3 and pol > K hen 7' > = < o5

o0

e2 | {
%m < % WP which converges Laj .f:-se,ules test P > |
g';‘?!'m Lon verges B‘_j Comparisoz»\ Test =

& |

%m Converges

Dp=l> S = L
7 = o h L 5
md.x u:.-!@wx.

$v\%egra.l Test: f e = é;-i" where du = 4%
X

L - ' o
'%:"" 2 =,%-V;ah(‘&&%)]3 =ﬂ$£&(ﬂ*ﬁ)*hfﬁu3)] =

X diwerges by Integral Test

ey Ofp = A‘P<m‘=>n,ﬁwn4nﬁmn nE

%f;;?ﬂ; e %";"‘;]:; which diverges {part ¥)

L

% ,Jp'gm_n_ d{verﬁes bgj QOn«pa.r-isovx Test
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1. Let f be the function given by f(x) = x* — 5x% + 3x + k, where k is a constant.

(a) On what intervals is f increasing?
{b) On what intervals is the graph of f concave downward?
(¢) Find the value of & for which f has 1] as its relative minimum.

L) = ')(.3-'5){.&-1—3‘2. +% R R = constant
o) + ncreases when £'(x) = 0

)= 3x*loyx +3 = (Br-1)(x~3)

e e + +

-?-’(xy { 7(-»32 - - e
S — } -3 X
$lewys t o - 3 o+

-F--Srapk me m %‘?

* L4 - '
+ s mcreas‘wﬂ when X €3 o X 2 3

b) @r"a.,pin of € is concave downward when -F"(x) <O

'G"(-g_) =[x — |0 'F”('K-): - + 39
%

'F' is cConcave dowmward when x < 5/3

e) + has a relative min. when x=3 (see o)

+(3)=Q7-45+9+R =1 > £=a0

f has 2 rel. min. of Il when B =20
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2. A particle moves on the x-axis so that its position at any time ¢ 2 0 is given by x(¢) = 2¢fe -1

(a) Find the acceleration of the particle at 1 = 0.
(b) Find the velocity of the particle when its acceleration is 0.
{c) Find the total distance traveled by the particle from ¢ = Oto ¢ = 5.

) Given: x(¥)= -?te-t) + 20

w(t) = %’% = 2[{: e_t(-i) ve '] *{e)

2/e

wi&) = Qeﬂt(ht)

a)=al s+ (:—t)e_t(—t‘)] 0 1 2
alt)= Qe F (¢ -2) |

a.{0)= ~H4

b) alt) =0 when t=4

Qe T0-t)

i

-(t)

() = «:Ze_—a(ﬂ) = -:Qe“a

e) The Par-i'icfe c.lna.nﬂes direction when t=|

= O
%o 1-a>°2/é
Xq =o‘€.w5>;&mi%-
xg = [0e e e

i
, o 10 Yo'~t0
Total distance = g — ¥~ OR 7 e
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3. Consider the curve y? ='4 + x and chord AB joining points A4 (~4, 0) and B(0, 2) on the curve.

(a) Find the x- and y-coordinates of the point on the curve where the tangent line
is parallel to chord 4 8.

(b) Find the area of the region R enclosed by the curve and chord. 4B.
(¢) Find the volume of the solid generated when the region R, defined in part (b), is revolved about

the x -axis.
2, M
" ), gL
0;,.) Y =4+ P 432?{ Ay = Rté
EI S A
Tangent L # /3'5 at (‘"3, B
b) “Vertical _gw;f,s“
= (y-yaddyx
o)
Azi (J% E NS
H=[3 (%x') ---—-;zx,]
a=[% (-4 +9)]- -_-;"*’» -3= %
Area of r-ezion R = %‘
) Uaskers (See b) dé&gm'-'\)

av = ’PT’(IQ - a)'ﬁ. W(ﬂi ﬂa,)
Ve f [ - (%2 Tan « el (en - 5 -2x -
Ve L5 e = w [ - £ <o (- )

!x
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4. Let f be the function defined by f(x) = In{2 + sinx) form < x < 2m.

(a) Find the absolute maximum vaiue and the absolute minimum value of f. Show the analysis that
leads to your conclusion.

(b) Find the x-coordinate of each inflection point on the graph of /. Justify your answer.

) F) = bw (R +36ax)Z0 Siwer R+Snx Z 1y wEx €2

tes ¥
— CYid
()= 2757 ; =0 tos K =0 KT T
Qm | Qmw p. s £(x)
T " t t > % 3
LA S L4 2L 1 fui=o0 .
Pogreph TS~ 21 | S =093

'F' has an abs. min. o*ﬁ Ao | =0
£ has an abs. max. of Lol 2,693

b) Tnflection Po'un‘("'s occur gt Po'wks where, the.
dlr@cﬁm O‘G ConC:Av’;’{"\j c{f\amﬂes.

(2+sinw)Esne)—(Cos X)(cosx) = 2sinx -]

i e
Fi(x) = (2 + sinx)* T (2+smx)?
) - 7 N
+ )= 0 vhen stnx="3T = x="§ or “§-
[ " — : : !
Floa: | 7 | * %
‘e . o
b o T
T nar

T has inflection points at x= 3, —4
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N (1.1)

Note: This is the graph of the derivative of f,
not the graph of f.

i

T L _»x
0 1 2

5. The figure above shows the graph of f*, the derivative of a function JS. The domain of f is the set of
all x such that 0 < x < 2.

(a) Write an expression for f’(x) in terms of x.
(b) Given that f(1)= 0, write an expression for f(x)in terms of x.

(¢} In the xy-plane provided below, sketch the graphof y = f(x).

ok I=|x~i], 0<x <2

D[+ = {x, oix |

2-%, 1€x <2

P
by o<x 2}t £ix) = é.. +C and #)0 = € = -

' x> L -3
RS ASE #(z)zlx-—-yﬂ‘.&;} H)=0= 2-2+C >C,= T

x* 1
F(x_):{_.a-zﬂ O <y <
=
-X -2

Ax = &1,!&344&

) £{x)
) 1/2
/0 ®
0 + »
1 2
-1/2
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6. Let P(t) represent the number of wolves in a population at time ¢ years, when ¢ 2 0. The population
P(¢) is increasing at a rate directly proportional to 800 — P(¢), where the constant of proportionality
is k.
(a) If P(0) = 500, find P(z) interms of ¢ and k.
(b) If P(2) = 700, find k.
(c) Find lim P(s).

|- )

2y 288D - % (oo - Prt))

d{PE))

_ 2 - -
Foo-PS % dt w = Joo - P(&)

du = —d(PLE))

G s Rdt B> bew = -(RE+c) S
“'&t*‘cl -t
w=e " = Ce -
doo - Pty = Le |

+t=z0 = PH) =500 = foo-500 =C. or C =30

Pt€)= %00 - 300 e.—&t

— .
L) P(2)= Too = Teo = §00 - 300€,
-a2f -ak
3009_2 = joo = eﬂ 2'}3- = “'Qﬁ'—’ ‘JQKS
w3
-i = X
-&nd
e) Lim PlE) = i E?oo-Booe. = t_,]
Ep oo Lo
300
= 300"&:'.;; E@{" = o0
L. PlE) = 0O
€ pes
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2. The position of a particle at any time 1 2 Ois given by x(¢) = 1> — 3 and y(t) = %23_.
{a) Find the magnitude of the velocity vector at £ = 5.
(b) Find the total distance traveled by the particie from 1 = 0 10 7 = §.

L ody :
(c) Find Zr 252 function of x.

) x=t-3  ZX -o¢ tzo
y=3t dy - 9¢”

V1 = JP%eY™ + (g4 )" |
=J4et v 4t7 = 2e /) 5o
V]l = o 3T

t=5

5
B s = S S EE) a
/a5
= T ae 1727 4t *'?_;é-(wt*)s _L

s= 2 (202 ))

d
k77 <
ey du _ ac _ Lt . -
-—“é—d% T e t =Jx+3
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4, Consider the polar curve r = 2sin(36) for 0 < 8 < m.

(a) In the xy-plane provided below, sketch the curve.

Note: The xy-plane is provided in the pink test booklet only.
(b) Find the area of the region inside the curve.

{c) Find the slope of the curve at the point where 6 = g

a) h = QM38 06 <¢86 2w (Thee - Leaved Rose )

fne. - lea'g

Blo | %l % 2K S -
ERIR AR Ak s \‘\_,’%/2
rlolifali]o 7

L Thsind36 40 ""
b) Brea. fé_o ”‘&de =L i?:._z__ = &L 36489

. w
-2 L’W(I,.Qgéé) 40 = [6_ S&m(j@]o

Area = 7
‘%
C) Sfofe;‘-‘-' %“2 3;52"'%" where LJ?—/LS.EA@_) xmﬂ..C‘.ose

dpdo _ A(nsind)do . ncosB + “Hbscnb
d% /s d(hcesB)/d8  —A a0+ gpans B

h=2sn36 = d%é = {p cos 38

250~30 6058 + o rs 30 5in B

A -m:—'z&ém3esdn9+éms366asé>
dyl _2FE _ E2E .. [
dx | T REIET - LoZ = -l-3 T 1 2
- pIZ &
2 4l =] &,
8=
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X
2 -

5. Let [ be the function given by f(x) =

(a) Write the first four nonzero terms and the general term for the Taylor series expansion of f(x)
about x = (.

(b) Use the result from part (a) to write the first three nonzero terms and the general term of the series

2 — |

. ' e
expansion about x = 0 forg(x) = ”

' w0
(c) For the function g in part (b, find £'(2) and use it to show that Z E{M—ﬁ-_ﬁi = %

n=l
w e " 2 2 [
a.)e =ZO—’1“—','“:!+M.+%"+%_+..+%T+ .
<= H
L 78
*a 22 " % % %
< X r=l+E X
< ,«;}-:-‘.o nl < 2%at 0 R3-31 v *.‘z”.n‘.’ *eoo
%/a, Al o ]
e -l ! X X x %
) = B e =
&) 9(1) X & 2% 253 27wl ,.; 2l

e Jy B2, 32 nx! = nx!
) = + + +...+'—--§-———- T L TRy
D GO T T A AT G T

ﬁ(‘ﬂ“‘ T + 2%, 31 + 25 4T *... +.2"’(mvt).‘ o *;Z 22 (ne Dt
/2 t xfa ®so
e 1 / (e )-(e =)
3(7@) = = % {n) = xa_ =

4'(a) = e-(e-1) - L
o 7
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6. Let f be a function that is differentiable throughout its domain and that has the following properties.

i) flx +y)= %l) for all real numbers x, y, and x + y in the domain of f.

@ lim fth) = 0 (i) tim L) =
-0 fi-eg
(a) Show that f(0) = 0.

(b) Use the definition of the derivative to show that f'(x) = 1 + [f(x)]. Indicate clearly where
properties (i), (i1), and (iii) are used.

{c) Find f(x) by solving the differential equation in part (b).

Y=y =0 -ﬁ(o)-’-‘%&%% [vca‘o}ja$l (by )
CRPe) = F0) ( = [£ey]*) = £(0) - J_‘-ﬁ(o)f—-%» (o) +E¢ro)]3= o

.,c(g) (/ -l—[.ﬁ(o)]z):'z O, Since l+[ﬁ(o)}aé ! ’ £(0)=0

£(4)
i, RO %{Q A ) ,
by f (x’}"%ﬁ‘b . #50 E- o+, TR (by @)

- i -ﬁ%‘)ﬁ\i - {2‘) _ -f-;f-\) (i" '5(1312('&)) i i‘.:;(;_}_ f[ﬁ(x}]l_‘c(%'l
#>0 = fx) £(1) A0 1= F) E(%)

Biy= 1+ (86017 | (Brom (10 and (000))

oo d{f)) _ . R AR
C,)'F(%)—-—-gzhx%ﬂ = f-l*[#(%)j @‘W =dyx =
aretan £lx) = o + C |
or Flx)= +on (x +C.)
Since +£(o) =0 Flo)z=4an € > L =0 or U e L

"p'(x)‘-'—”'f‘m‘x. ov taw (% + M’Tr)? neT
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L. Let f be the function given by f(x) = 3x* + x* - 21x2%
(@) Write an equation of the line tangent to the graph of f at the point (2, ~28).

(b) Find the absolute minimum value of f. Show the analysis that leads to your conclusion.

(c) Find the x-coordinate of each point of inflection on the graph of f. Show the analysis that leads to
your conclusion.

a,‘) Eci’ua.*i‘een o{"’mnaen't {lme : 4+28 = o (X~ Q.‘) where = *F’(&)
$itvy= 12y’ s EP Wiy Fla)= 96 +ia -84 = 24

4+ 28 =24 (x-2) or y= 2Fx =170
-

B) #(x)= 3x ($x*+ x--t*%) S (fr-T)(x+2)
$'tx) =0 when %= O ~al
) “'1: 4=

2
“Gr'a.pt\”o{’ {;:\g//"/

Landidates tor aipsol Paa, g a8t LT -2 and at X = 7/4-.
F-2) = =44 and $(4) % -30, 816

-3
£

i
+

e = e

> L

s b
S
Y

Ef~F' has an a.b.sol...d'é m'tn:m;t.m c,\C-;‘-f]

1), . ﬂau
) 0= Bbx H w42 = 6 (bx+ T (x-1)
'Y= when L = ~ e or |
LT EEE N N
; ; >
e "W e | Cou
£ thanses directrion of Conca.w"h—! at ){’-’—’_'7/@ and at = |

£ has peints of mflection at x =-?/b end at y={

1994 AB1




(994 - ABA, Be |
2. Let R be the region enclosed by the graphs of y = ¢*, y = x, and the lines x = 0 and x = 4.

(a) Find the area of R.
(b) Find the volume of the solid generated when R is revolved about the x-axis.

{c) Set up, but do not integrate, an integral expression in terms of a single variable for the volume of the
solid generated when R is revolved about the y-axis.

a) df = (e”-x)dx A
A = fo (81'“1)44& y = &
3t
¢4 x,e*
A= e%-%lD:e-?—-(f-’o) e
y = %
A=et-9 g
i (%, %} X
=0 PR

b) “Washers )
aVy = 7T ('Qa-' :L)a‘.)d.

Vo = o f:(e‘— *dy = WS:(e“--xa)dﬁ
fem[eZ - 2] e w[& -4 (4 -0)]

7
Vx’”’f(i. - B(;)

¢) “eylindrical Shells”

-
V, = ar 50 v (e¥-x)dy
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. Consider the curve defined by x* + xy + y* = 27..

(a) Write an expression for the slope of the curve at any point (x, y).

(b) Determine whether the lines tangent to the curve at the x-intercepts of the curve are parallel.
Show the analysis that leads to your conclusion,

(c) Find the points on the curve where the lines tangent to the curve are vertical.

&)3|0P63Qx+x%+j+&tj%#0 (\Av

¥

% (x+dy)= - (2% +y)
'é""g’ = - -(—-—-—%—lx". )

dy X-h'lua

¥

—
e

b) Whewn Yy=0, % =Y a7
Bt %:“—%.:“Q,

!
The +anqent liaes ot Hhe ¥ intercepts are //!

kv

d - : : -
c’) -&-?:’ = ”fé'r?;—?gl 15 et Ae%ne& bbi’\er\ u-{'gﬁ =0 pe ﬂ:

Then 12 ("E)+ (%) =27

2 2 2 )
or YL --’-‘i- + %=Q7$%1~2=R7$x*=3&

1%

xr=%( and Y= T3

The ecwrve has vertical ﬁnﬁen‘h‘ ot (lp, "3) awd, (- (9} 3)
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4. A particle moves along the x-axis so that at any time ¢ > 0 its velocity is given by v(#) = tln¢ — 1.
At time r =1, the position of the particle is x(1) = 6.

(a) Write an expression for the acceleration of the particle.

(b) For what values of 7 is the particle moving to the right?
{¢) What is the minimum velocity of the particle? Show the analysis that leads to your conclusion.

(d)y Write an expression for the position x(t) of the particle.

@) ‘aL(t):-'- %_%=% thet =) = Lat , t 7o

a(t)= Lat, t >0

k) Particle moves right whea wE) >0
v = t(lat - 1)t >0
/&th-! H i - l

‘s + s--t
) e

4

Particle moves m’gh’ﬂ when T >e

) Vimin: ale)= v(E)=dut 5 vilE)z0 > ta|
U"‘(t): - - + >t
o

W Graph ] - t\/’

|7 \r\o.s obsol. . ot - |

d) x @) = (vdt = Storde - ftae w=dat  de=tdt
= pe-fEa - L 4o + £2
=gAmt m )T AL~ F du= T dt o=

=
=t 4t -Ft +C

3 27
t{N=6=0"F+C = L=

ot

X ()= T Lot th+ 27

K3

+|w
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5. A circle is inscribed in a square as shown in the figure above. The circumference of the circle is
increasing at a constant rate of 6 inches per second. As the circle expands, the square expands to
maintain the condition of tangency. (Note: A circle with radius » has circumference C = 2nr
and area A = mr)

(a) Find the rate at which the perimeter of the square is increasing. Indicate units of measure.

(b) At the instant when the area of the circle is 25n square inches, find the rate of increase in the area
enclosed between the circle and the square. Indicate units of measure.

roy - A(RTRY dr dr _ 3
Given: —Jg— = Mz = F = = o ///'“\\
_ dP dr '
&.) P - 8)\- :) A = g zt .

Zos-Fea] 0 N/

) A= A2 —mat = (o)A

Find %2— when A= A5 D A=S
dh da d A 3
de = (4-TYan 4t 5 At T (4-m)(10) (_‘?-T_)
az§
dAl _ [frao . 2
3?i~v(ar~303“v%a
A=E
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6. Let F(x) = rsin(rl)dt for 0 £ x<3.
0
() Use the trapezoidal rule with four equal subdivisions of the closed interval [0, 1] to
approximate F(1).

(b} On what intervals is F increasing?

3
{c) If the average rate of change of F on the closed intervai {1, 3] is &, find f sin(¢¥)dt in terms of k.
S

&) FU1) = J, sin (£3)de p —~

0 .25 .50 .75 1

FO)= -é—- [2 (sin (.25 + Sin { 5)11- Sin (.75)2)-'!'3?% !] ~ .36

b) F increases when sin (£3) is posi Five
sint? 70 when 0 <tr ey o amett a9
or when O <t <JT or AW <t <3

F lncreases on [:o., J"??j o [\E‘;, Bﬂ

3 ! a
&) F)-FU) _ (o sin(t¥)dt = §, Sin (t¥)dt S’fn:n(t’“)at =4
3-} 2 - a

f?srn (t)dt = aRr

1994 AB6



{994~ 8L 3

3. A particle moves along the graph of y = cos x so that the x-component of acceleration is always 2.
At time ¢ = 0, the particle is at the point (%, ~1) and the velocity vector of the particle is (0,0).

(a) Find the x- and y- coordinates of the position of the particle in terms of ¢.

(b) Find the speed of the particle when its position is (4, cos 4)

oy L) = g 5[ 4 (V) = fase > % = 2+,

t=0 *‘jt =0 and (= O,,%f:—-;)t#x(t) t i+l

X(0)=T D C =7 and x(t)=t '+
Y ()= cos (£7+7) = = cos (t?)

X (€)= tTe Y= ~eos(t™)

b) F:Md speed when Posrf‘a -1} O‘f‘ Parﬁde is (4 tol "3(')
L) =tiew =4 >t=JG7

3peed = Iv] =\/(d“"/dt)2 + (d%!t)i when t = Jd-7

Ay dx —
€ =at = '":&*1 = 241

d d i P
a‘é‘ =.2t5;y\(tz> -'?';(é'! = AYY-7 sin (4 -) = 'o’l\/‘_'f"’l‘f Sin
= TF

18] =@ T ) + (2T sond)

Iv| = ad-7 Ji+siw
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4, Let fix) =6 —x% For 0 < w < V6, let A(w) be the area of the triangle formed by the coordinate
axes and the line tangent to the graph of f at the point (w, 6 -~ w?). (See figure above.)

(a) Find A(l).

{b) For what value of w is A(w) a minimum?

Given! $() = b-x", o < w <V 3
Aluwr) = Prea O OMP

a) Find A1) when (wr, b-w?)=(1,5) (©. 6)4
eq. MP y= (b-w™) = m (x-w)

L.)‘ner"e e = -F,(w-)-_.* - od (W,ﬁme)
Y- (b-wr™) =z - 2w (x-ur)
btuw® L
Yindercept = btw'; ¢ intercept = o ol (&0

Note: Figure not drawn to scale.

A(]):ﬁ"x’?nzs :ﬁ
[

b) Alu-) = E((o+w'1)-(-é?§—z—tz = & (e+w®)*

W

d (A ) 4 [(ur-ﬂ(&rrw")(aw)—ﬂo*wz)zj
dwr ¥ w

';,I!;':i.' [((o‘l"w"') (4ur®- (!@‘PW“"))]

§

1}

b (btwr®) (3= 1)

Yur®
d
Tg = O when w#ﬁ
o '

v
“Gﬂﬂpl'\nA '\\_“ﬁ/

A(U’) IS an a.bSolt.a.”{’”é PR En e e when ur=\/:1‘
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5. Let f be the function given by f(x) = e,
(a) Find the first four nonzero terms and the general term of the power series for f(x) about x = 0.

(b) Find the interval of convergence of the power series for f(x) about x = 0. Show the analysis that
leads to your conclusion.

(c) Let g be the function given by the sum of the first four nonzero terms of the power series for f(x)
about x = 0. Show that |[f(x) ~ g(x)| < 0.02 for ~0.6 < x < 0.6.

L LA u:" 3 n
a‘De‘ = i'i-_-“ + 37 +§:§-+.”+‘ —----::"i +,“7 Con\fer‘ﬁes “FDV Vu.
—axt | axt | (axe® _ {ax®) 2"
- - - -_—-“d x
e ==t S S
b rrl der2 2
) - T _ i‘;“ % wr ) nl ‘ <% _ v
ppool &n wpeol  (nild! 2Tk T NS net =0, V¥

Series converges for all real ¢

Interval of tonvergence is all real numbers

o) $(x) is a strictly alternating convergent series.
The maximum error which occurs when i Ferms
of +the series are summed o appreximate f(x)
is less +han He absolute value of the (h+!)st
tervm of +he Series.

(2x?)¥
¥l =

: (2x)?
Maximum value of T oeewrs when L =.0k

[ £ - 900 < =6 <% <0

?
f#(%)wj(x)f‘-’-&-‘%in <.olla <.oa
' R.E.D,
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6. Let f and g be functions that are differentiable for all real numbers x and that have the following
properties.

B f'&x)y=fx)-gkx)
() g'xy=gx) - flx)
(i) f(@) =5

vy g@ =1
{a) Prove that f(x) + g{x) = 6 forall x.

(b} Find f(x) and g (x). Show your work.

a) Fdd () and (i)t £ +9'x)=0 > $tady + $30dy = 0
Then £(x) +4(x) = ¥y, Take x=0.

£(0) +tq(e)= C or S+1 =0

i

'p{)f-} + ﬂ(?f) = l

B) From (&) 1) = £(x) — q(%)

Since glx) = L -£(x), $00)= £60) = (6 - £(x))
Ploxy= 2860 -6 or 83 = 2ly-3)
S = ady > Lo ly-3l=2x e,
y-2 = e_'u*a' or ea)cecf Let _C; = e,c"
Then y = C‘Ze'lx“-l—.i or #(x)=@ae3%+-3

floy=5=0,+3 = (, =2

£lx) = Qegx+ £}

glx) = b= Fla)= b (2674 3) = ~ 2774 3

Px)=2e 43 y  gqlx)= -2+ 3
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2x
1, be the functi i = f
Let f ¢ function given by f(x) xz +x+1

(a) Find the domain of f. Justify your answer.

(v) In the viewing window provided below, skeich the graph of f.

(c) Write an equation for each horizontal asymptote of the graph of f.
(d) Find the range of f. Use f' (x) to justify your answer.

Note: f'(x)z——mﬁ_%...i.
(% +x+1y2

2
1
(a) x2+x+1=(x+~£) +%2% Vx or X*+x+1>0 Vx

Df: XeR or —oco<y<eo

) © 22:: _ 2x
3 Vxl+x+1 IXLJH}—%-%
XX
2x 2x
lim~—=2 , jfim—=-2

5 X oo xpeoa =X

Asymptotes: y=2,y=-2

(@)
ffloy: - + = f hasan absolute minimum atx =-2 ;

f(x): decr incr absolute minimum = f(-2) =%

Rf:%5y<2 or —~2309<y<2
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2. A particle moves along the y-axis so that its velocity at any time t 2 0 is given by v{t) = t cost. At time
t = 0, the position of the particle is y = 3.
(a) For what values of t, 0 <t < 5, is the particle moving upward?
(b) Write an expression for the acceleration of the particle in terms of 1.
(c) Wrile an expression for the position y(t) of the particle.
{d) Fort> 0, find the position of the particle the first time the velocity of the particle is zero.

(a) Particle moves upward when v(t)=tcost >0,:2>0

vty _+ - Lt

in
0 75

rafs 4

Particle moves upward when 0 <<% or %‘- <t<5

Mia =ﬂ2 —tsintr +cos?
dt

{c) y=jvdt=—=!tcost dat u=t dv =cos?
du=dt v =sint

y(®) =tsint— [sine dr =t sint +cost +C
W0)=3=1+C = C=2

y(#) =tsint+cost+2

() vie)=0 and >0 = t=%

y(-’%) = %sinu’f? + cos—’é’— +2

y& =F4+2-3.571
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3. Consider the curve defined by —8x” + Sxy +y° = —149

d
(@ Find -,
dx

{b) Write an equation for the line tangent to the curve at the point (4, -1).

{(¢) There is a number k so that the point (4.2, k) is on the curve. Using the tangent line found in part (b), approximate
the value of k.

(d) Write an equation that can be solved o find the actual value of & so that the point (4.2, k) is on the curve.

{e) Solve the equation found in part (d) for the value of k.

(@) ~16x+5(xZ+y)+3y7 L =0

& (5x+3y") = 16x- 5y

dy 16x~>5y

dx " 5y 4 3y?

dy - 64+5
sty 2043

y+I=3x~4) or y=3x-13

© y+1=3(2)

| y=—04 or k=-0.4]

(d) 1~8(4.2)* + 5k(4.2)+ k> =—149 or 21k+k*+7.88=0

) [ k==373]
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4. The shaded regions R} and R2 shown above are enclosed by the graphs of ’;

f(x)=1x% and g(x)=2".

{a) Find the x- and y- coordinates of the three points of intersection of the graphs of
fand g,

{b) Without using absolute value, set up an expression involving one or more
integrals that gives the total area enclosed by the graphs of f and g. Donot
evaluate.

{c) Without using absolute value, set up an expression involving cme or more

integrals that gives the volume of the solid generated by revolving the region K,
about the line y = 5. Do not evaluate.

Note: Figure not drawn to scale.

{a) |(-767,.588) , (2.4) , (4,16)

(b) wse (1) “vertical strips” or (2) “horizontal strips”

1y A= !(2" x*ydx + j(x ~2%) dx,

- 167
or

588

A= j(«F ) PYR (A P j(m ) dy

588

{c) use(l) “washers” or (2) “cylindrical shells”

2
M v,y =n [[6-2F--27 ]ds,

-.767
or

.588

@ V. —21:_[(5 Wy~ M) dy + 2nj(5 Y ~ @) dy

588
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5. As shown in the figure above, water is draining from a conical tank with height 12 feet and diameter 8 feetinto a
cylindrical tank that has a base with area 400 r square feet. The depth b, in feet, of the water in the conical tank is

changing at the rate of (h — 12) feet per minute. (The volume V of a cone with radius r and heighthis V = %ﬂ:rzh y
(a) Write an expression for the volume of water in the conical tank as a function of h.

(b) At what raie is the volume of water in the conical tank changing when h =3 7 Indicate units of measure.
(c) Lety be the depth, in feet, of the water in the cylindrical tank. Atwhatrateisy changing whenh=37 Indicate

units of measure.
Given %:(h—m)-—{',m t-8 fect-+|
min
(a) -h—-—-g = r=E
2r 8 3
n A xh®
Ve s f 22— 3
39 U

(b

a2 dt 9

\ min

d_Vi .
de {4 9

min

-Ox (ﬁ

)

&y Vyu= 400wy

dv,
dt

= dy
9 = 4007 —-

dv,

dr 400

&_ 2 (#
700 \mim

)

)

= 400xm % ; d; = 91:(3%) from (b)
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6. The graph of a differentiable fiunction [ on the closed interval {1, 7] is shown,

Let h(x)=jl"f(:) dt for 1€x<7.

(a} Find A1),

(b) Find h'(4).

(¢) On what interval or intervals is the graph of & concave upward? Justify your answer.

(d) Find the valye of x at which h has its minimum on the closed interval [1, 7. Justify your answer.

@ k)= j:f(t)dt =0

®) Ax)=fx) = K(@)=f4d)=2

{cy h'(x)=f(x) = f(x)=0 at x=3o0rb 0

-1

h’(x): + - +

t
1 T

I3 .6 7

The graph of h is concave upward on (1,3) or (6,7).

fx)=0 at x=35
d) h'(x)= f(x) fx)>0 on (1,5 = h(x) increases on (1,5)
fx)<0 on (57)= h(x)decreases on (5,7)

h(x):

: + e

h(x): L incr > decr

Candidates for absolute min are A(1) and A(7).

(1) = ff(r) dt=0

;
h(7) = J;f (£)dt>0  because the area above the x-axis is greater than the area below the axis,

or ff(t) dt > f:f(t) di

h has an absolute min at x=1
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i.  Two particles move in the xy-pldhe. For time t 2 0, the position of particle A is given by x=r~2 and
y=(t=2)" , and the position of particle B is given by x =3£—4 and y =3-2.

{(a) Find the velocity vector for each particle at time t = 3.

(b} Set up an integral expression that gives the distance traveled by particle A fromt=0tot=3. Donot
evalvate.

(¢) Determine the exact time at which the particles collide; that is, when the particles are at the same point
at the same time. Justify your answer.

{d) Inthe viewing window provided below, skeich the paths of particles A and B from t== Q until they collide.
Indicate the direction of each particle along its path.

@ A (t=2,¢-2)") B: ($-4,%-2)

V,=(L2(¢-2)  V,=(33)

Vi, =2 L V| =33

3 2
(b) s:j'0 1+ 4(z - 2) dt

€} x,=x, = t--22%‘-‘--—4 = =4

When 1=4,y, =(4-2=4 and y,=>p-2=d;r=4=x, = x, and y, =¥y.

Particles A and B collide when t = 4.

(d) pathof A: y=x’
pathof B: y=x+2

{Note: A and B arrive at (-1, 1)
at different times).

1995 BC1
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4. Let f be a function that has derivatives of all orders for all real numbers.
Assume f(D=3, f(D=-2, f(1)=2,and f"{1)=4
(a) Write the second-degree Taylor polynomial for f about x = I and use it to approximate £(0.7).
(b} Write the third-degree Taylor polynomial for f about x = 1 and use it to approximate f(1.2).
{c) Write the second-degree Taylor polynomial for f*, the derivative of f , about x = 1 and use it to approximate
.2},
@  f)=f@+ fla-a+ LB -ap + LD -0
, ” 1
£ = FO+ FO=D+ LR -1y
FE)=3-2(x~D+Z(x -1y
f(O.7)=3+0.6+0.09=3.69
f(0.7)=3.69
, ” 1 PRF 1
) = O+ F =D+ - e LD Gy
F)=3=20x-D+(x -1 + -1
f(12)=3~0.4+0.04 +2(0.008) = 2.6453
F(L.2)=2.645
© flx)=-2+2x-1)+2x-1)>°

FrL2)==242(2)+2(.2)7

FL2)=-152|
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AN\ ATN .
? ARV AVAR 0
Figure | Figure 2 Figure 3
y=fi{x yu g(x)

5. Let f(x)= xz, g(x)=cosx, and h{x)=x"+cosx. From the graphs of f and g shown above in Figure 1 and
Figure 2, one might think that the graph of # should look like the graph in Figure 3.

(a) Sketch the actual graph of h in the viewing window provided below.

(b) Use h”(x) to explain why the graph of hdoes not look like the graph in Figure 3,

fc) Provethatthe graphof y = x* + cos(kx) haseither no points of inflection or infinitely many points of inflection,
depending on the value of the constant .

(a) 0 () h(x)=x’+cosx = h'(x)=2x-sinx
h”(x)=2-cosx21 Vx. Therefore, the graph
of h is concave upward Vx and has no points
of inflection. - Figure 3 has inflection points.

2
(€©) y=x"+coskx = %= 2x —k(sinkx) = g—x-%’-r 2-k*(coskx)=0 if cos(kx) =76%
2
i) [k|>+2 = there are an infinite number of inflection points because % =( and changes
sign at an infinite number of points.

2
ii) Jk{=+2 = there are no inflection points because %_231 =0 at some points but does not
change sign.

2 .
iii) Jkf<~2 = there are no inflection points because gx—%’- is always positive.
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6. Let f be a function whose domain is the closed interval {0, 5. The graph of f is shown below.

%4»3
Let h(x)=
0

Jltydr.
{a) Find the domain of A,

(t) Find (2},
(c) Atwhatxis A(x) a minimum? Show the analysis that leads 0 your conclusion.

@ D,=[05] = 05$+3<5 =-6<x<4

D, =[-6,4] or —-6<x<4 >
2
: 1
® W)=t fF+3)
o= 2 \ 3
R =%fG+)=1f4)=3 _
W)= -
-3
© WED=4fE+3)=1r2)=0 Graph of f
6O H. S - {
- 4
hix): incr decr

Candidates for absolute min are #{(—6) and h(4).

h(~6) = fa F@) de = f:f(:) dr=0

143

5 5 | 2 2
nay= > fuyde= f F(fydt <0  from graph, or J £y di < j £ di
0 1] [s] s

h  has an absolute min at x = 4,
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- X

Note: This is the graph of the derivative of f. not the graph of f,

The figure above shows the graph of f', the derivative of a function Sf. The domain of f is the set
of all real numbers x such that -3 < x < 5.

(a) For what values of x does f have a relative maximum? Why?
(b) For what values of x does f have a relative minimum? Why?
(¢} On what intervals is the graph of f concave upward? Use f' to justify your answer,

(d) Suppose that f(1) = 0. In the xy-plane provided, draw a sketch that shows the general shape of
‘the graph of the function f on the open interval 0 < x < 2.

Note: The axes for this graph are provided in the pink booklet only.

{a) f has a relative maximum at x = -2
because f'(-2) =0 and f'(x)>0 on (-3,-2) and f'(x)<0 on (-2,-1). ©

(b} f has a relative minimum at x =4
because f'(4) =0 and f'(x) <0 on (3,4) and f(x}>0 on (4,5). @

(¢} f'(x) increasing == f"(x)} >0 == the graph of f is concave upward on (-1,1) and (3,5).

[\_ -

@

=
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Let R be the region in the first quadrant under the graph of y = ql_- ford x5 9.
x

(a) Find the area of R .

{b) If the line x = k divides the region R into two regions of equal area, what is the value of k7

{c) Find the volume of the solid whose base is the region R and whose cross sections cut by planes
perpendicular to the x-axis are squares.

() A=f:x-%dx=2x%l:m (9§—4";)=2(3-2)zz ©

9

(b) f:x_édx’a f:x_%dx == Zxé‘z =2x%1k

o JE-2=3-JF = 2/k=5 ==>kﬂgf~'

(c)
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The rate of consumption of cola in the United States is given by S(1) = Ce¥, where $ is measured
in billions of gallons per year and t is measured in years from the beginning of 1980,

(a) The consumption rate doubles every 5 years and the consumption rate at the beginning of 1980
was 6 billion gallons per year. Find C and k.

(b) Find the average rate of consumption of cola over the 10-year time period beginning
January 1, 1983. Indicate units of measure.

"
{¢) Use the trapezoidal rule with four equal subdivisions to estimate j S(2) dr.
5

4
(d) Using correct units, explain the meaning of j S(t) dt in terms of cola consumption.
5

@ S=6whent=0=>C=6 —s 8(2) = 6e¥
S=12whent=5=-—~¢~12=6es"==¢»2=e5"m->5k==h]2=-_=>k=—;71n2 @

Ly
® S =627

13 1 13 1; .
S =—2 | 625a=5 1 25@& (=1 du="dt, 5du=adp
=g’ =733 10 5 s

13 13 . 3
5 =i(25 -25)z 19.680 billion gallons/year

i0

13
f_.sf 3 o8y = izu
3 In2

(C) T = Ax(_;_yo-.g_yl +y2 +oone +yn“1 +—21—yn]

|-

LA 5 55 6 (2] 1
f 625 dt=5 —3*6'25 +623% +62%5+62°% +§-6-25 = 27.668
5

T 1

=t
{d) f 623 di = the amount, in billions of gallons, of cola consumed
3 in the two vear period from 1/1/85 to 1/1/87.
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;913?2 This problemn deals with functions defined by f(x) = x + b sin x, where b is a positive constant and

-2n < x S IR
BC-4
(a) Sketch the graphs of two of these functions, y = x + sinx and y = x + 3 sin x, as indicated
below,

Note: The axes for these two graphs are provided in the pink test booklet only.

(b} Find the x-coordinates of all points, —2n < x € 2r, where the line y = x + b is tangent to the
graph of f(x) = x + b sin x.

(c) Are the points of tangency described in part (b) relative maximum points of f? Why?

(d) For all values of b > 0, show that all inflection points of the graph of f lie on the line y = x.

(@)

y =X +sinx

-1 o T

) y=x+b=y =1 and f(x) =x + bsinx == f'(x) =1 + bcosx
At the point of tangency, the y-coordinates are equal and the derivatives are equal.
i3 3n

x+b=x+bsiny = siny =1 ~—-.==>x=-27 or —-—2-

1=i+bcosxm¢cosx=0w>xrt—g— c:»rx=:&-ggi

The graph of the line y =x + b is tangent to the graph of f{x) at x -=—725~ and x = ~§~§~. @

{c) No, the points of tangency are not relative maximum points of f because the slope
(derivative) of f at the points of tangency is equal to one, but at relative maximum
points the derivative must equal zero or be nonexistent.

(d) f(x)=x+bsinx = f'(x} =1+ bcosx ==+ f"(x) = -bsinx
At all inflection points of f, f”(x) =0 which implies that sinx =0 (since b>0) which
implies that f(x) =x. Therefore, inflection points lie on the line y =x. ©
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An oil storage tank has the shape shown above, obtained by revolving the curve y =

9 feet

2 ot

3 feet

9]

4

T 625°

gg*gx“ from

x =0 to x =3 about the y-axis, where x and y are measured in feet. Oil flows into the tank at

the constant rate of 8 cubic feet per minute.

{a}
(b)
{c)

Find the volume of the tank. Indicate units of measure.

To the nearest minute, how long would it take to fill the tank if the tank was empty initially?

Let h be the depth, in feet, of oil in the tank. How fast is the depth of the oil in the tank

increasing when 4 = 4 ? Indicate unit

s of measure.

(a)

(b)

{¢)

Horizontal disks: V= nfxzdy = E—S—Tf
3 Jo

3
p= 10 58 905 ~ 59 min
8 ft/min
av . 8 ft¥/min; to evaluate dh
dat dtlp-4

3 1
Ve 5(}1:&2 m}gj{x25nh25&

dt 3 dt
1
= 8 = .gic. .42‘.{1& gﬁ = ._Ez..
3 dt dt  25=n

9 feet

1996 ABS
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(a)

(b)

(c)

oo X

500

2
Line { is tangent to the graph of y = x — 3%6 at the point O, as shown in the figure above,

(a) Find the x-coordinate of point Q .

(b) Write an equation for line ¢ .

2

(c) Suppose the graphof vy = x — «5%6 shown in the figure, where x and y are measured in feet.

represents a hill. There is a 50-foot tree growing vertically at the top of the hill. Does a spotlight
at point P directed along line 2 shine on any part of the tree? Show the work that leads to your

conclusion.

y=x--x% ==y =1-_"x=m and the equation of line / is y = mx + 20.
500 250

On line / at Q(xy,¥4): Yo =X, — ‘gfaxoz ={I - Eiﬂxo)xo +20

2
e g — bl my - L4200 = L x}=20 = x}=10000 = 1. =100 @
0 55070 0 n5p70 5000 0 0

y'(100y =1 - ﬁ-lOO =% = the equation of line / is y = %x +20. ©

y'(250) =0 and y"(250) <0 = a relative maximum at x = 250, the x-coordinate of
the top of the hill. Therefore, the height of the hill is y(250) = 125 ft. and the top
of the tree is 175 ft. above the x-axis. On the line, when x = 250, y = 170.

Hence, the spotlight hits the tree 5 ft. below its top. ©

A
Q
X
AT
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1996: BC-1

Consider the graph of the function /4 given by h(x) = e ** for 0 € x < oo,

(a) Let R be the unbounded region in the first quadrant below the graph of /. Find the volume of
the solid generated when R is revolved about the y-axis.

(b} Let A(w) be the area of the shaded rectangle shown
in the figure to the right. Show that A(w) has its
maximum value when w is the x-coordinate of the
point of inflection of the graph of & .

y=hx)=e~

@ V =21:f0°°xydx =21tf0°°xe i (cylindrical sheils)

=2n lim Obxe iy (= -x2, du= -2xdx, -1 du = xd)

h— oo

= - lim fo'bze"du = -1 lim (e"

b—+co b 00

'o"z) =-nlim{e? -¢% =n

b— o0

Pae(-2w? + 1)

(b) A(w) =we™ = aA =A'(w) = 2wl W e
dw
e (2w2+1)=0 = 202 +1=0 = W”\E
A’(‘E) =0, A'W)>0 on (o,,/g) and A'(w) <0 on (‘/%, 00)
= A has an absolute maximum at w=&, w>0
K@) = 2xe™ = h"(x) = -2(-2% ™ + e = 2e 7 (-2x + 1)
h”(\/g) =0, 2"(x} <0 on (o,‘/%) and k"(x) > 0 on (E,oo)

== k has a point of inflection atx=\}g *
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[696: BC-2

. x xt x!
The Maclaurin series for f(x) is given by 1 + oIl TR T

Pt
(a) Find £'(0) and fU7(0).

xi’t
R sy i S
(n + D)
(b) For what values of x does the given series converge? Show your reasoning.

(¢} Let g(x) = xf{x). Write the Maclaurin series for g(x), showing the first three nonzero terms
and the general term.

(d) Write g(x) in terms of a familiar function without using series. Then, write f(x) in terms of
the same familiar function.

(a) 1 2x 3 2 n-1
) 1
fx)=—+I2 4 X, . ’ - _}u = 2
21 31 4 oy T @575 ©
" 2t 32 n(n - Dx"? 2t 1
X} = — + " 0 — TR e
R TR e L0575
171 18:17-+-32 nn - 1) +{n - 16)x" 17 Mmoo
f(l”)(x):——m«}»————-—mmi-.o.-{- 4+ suse (17)0 w1 = T
31 191 D =IO ©
(b) Using the ratio test for absolute convergence:
xn! _
a n+l
p = lim |- = lim (n+2)! = lim | % fn+ ) - Lim | % -0, VieR
n— oo au " 00 x" " 00 (n+2)f x" n—oo{ N +
(n+

Therefore, the series converges for all real numbers. @

n+f

© g =xf&) 2x+9§_ GE L

3 +---~~~-—»——(n+i)t oo ©

(d gy=e*-1

fy =89
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1996: BC-5

An oil storage tank has the shape shown above, obtained by revolving the curve y = g%x“ from
x =0 to x =35 about the y-axis, where x and y are measured in feet. Oil weighing 50 pounds per
cubic foot flowed into an initially empty tank at 2 constant rate of 8 cubic feet per minute. When the

depth of the oil reached 6 feet, the flow stopped.

() Let h be the depth, in feet, of oil in the tank. How fast was the depth of the oil in the tank
increasing when h = 4 7 Indicate units of measure.

(b) Find, to the nearest foot-pound, the amount of work required to empty the tank by pumping all of
the oil back to the top of the tank.

Y
25w [ B : 50 : —_ —5 feet
(@) Horizontal disks: Vmﬂfxzdy=—~§1'~f y2dy = S
0 ,‘g)’*"—g—*d
av . 8 ft3fmin; to evaluate dh 625
dr dtth-4 9 feet
3 i
V:é@;’lh2 . av _ 25w, 3 dh
9 dt 3 /3 5] X
1
wsxisﬁ-ﬂfﬁw;@wm@ 153) ft/min  ©

3 dt di  25n

1 L
(b)  Fy("k™ layer”) = (volume)(density) = (=r? Ay, ft*)(50 Ib/ft%) =u2—:yﬁ Ay, (50) = 22n ny, Ay, Ib
1

W=EW, =2Fd, = E(@ ny, Ay, 1b)(9 - y)ft, a Riemann sum. y

3
1250 1250
———mﬁf y2(9 y)dy = (9y -y )dy

6 3 E
= 2-597:(6-62 - %-62)
3 5

3 3
= 1250 2,2 2,2
n(93y 5y)0

3

3
2

=250n-6% = 69257.691 =~ 69258 ft-1b @
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1996: BC-6

=== Crescent
Island

Spotlight

2

7 »
o= X
0

Note: Figure not drawn to scale.

The figure above shows a spotlight shining on point P(x, y) on the shoreline of Crescent Island. The
spotlight is located at the origin and is rotating. The portion of the shoreline on which the spotlight

shines is in the shape of the parabola y = x? from the point (1, 1) to the point (5, 25). Let 8 be the
angle between the beam of light and the positive x-axis.

(a) For what values of & between 0 and 2n does the spotlight shine on the shoreline?
(b) Find the x- and y-coordinates of point P in terms of tan 6.

(c) If the spotlight is rotating at the rate of one revolution per minute, how fast is the point P
traveling along the shoreline at the instant it is at the point (3, 9) 7

(@) The spotlight shines on the shoreline for 8 such that

tan'lllsﬁstan"lgji mggasmn"‘s == 85 <B<1373 ©

z
() tanf=2-2 - x-tanfand y=x*-tan’ 6 ©
X X
(©) T =0, tan’6) — v = (seczﬁ%? Jtanﬂsecl(i%—?)

= 2% units/min, and at the point (3,9), tanf =3 and secf =10 (sec’@ =tan’ 4 + 1)

2 2z 2 2z
l"f\}'i = éx; + _@ = sec“B(g—q) +4tan293ec“6(§§)
dr dt dr dt

- /100(472) + 4(9)(100)(4n2) = 20m,/37 ~ 382.191 units/min  ©
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1997: AB-1

A particle moves along the x-axis so that its velocity at any time ¢ 2 0 is given by
v(r) = 3t* — 2t — 1. The position x(¢) is 5 for ¢ = 2.

(a) Write a polynomial expression for the position of the particle at any time 12 0.

(b} For what values of r, 0 <t < 3, is the particle’s instantaneous velocity the same as its average
velocity on the closed interval [0, 317

(c) Find the total distance traveled by the particle from time ¢ = 0 until time 7 = 3.

@  x() wfv(t)dt =312t + C
w2 =5 — C=3

=13 -t2-1+3

x(3) ~x(@) _18-3

=35
3-0 3

(0)  Vy®) =

V(i) =32 - 2-1=5 = 32 -2 -6 =0 = since t>0, t=2+m =178 ©

© WO =3t2-2-1=0t+1)(-1) { f {

x0) =3, x(1) =2, x(3) = 18 == total distance = (3 -2) + (18 -2) =17

OR (1) =f03 ()| dt = f; (1 +2¢ - 3% ds +f13 G2 -2 -Ddt=ft+ > - P+ [P -2 -1 =17

The total distance traveled on ¢ € [0,3] is 17. @

1997 AB1



1997: AB-2

Y
P(0,3)
/

§'Y=f(x)

pi8
R

0 \ t

Let f be the function given by f(x) = 3 cos x. As shown above, the graph of f crosses the
y-axis at point P and the x-axis at point Q.

(a) Write an equation for the line passing through points P and Q.

(b) Write an equation for the line tangent to the graph of f at point Q. Show the analysis that leads
to your equation.

(c) Find the x-coordinate of the point on the graph of f, between points P and , at which the
line tangent to the graph of f is parallel to line PQ.

(d) Let R be the region in the first quadrant bounded by the graph of f and line segment PQ.
Write an integral expression for the volume of the solid generated by reyolving the region R
about the x-axis. Do not evaluate.

- b .

(@) myg= 3-0__% == Equation of PQ: y-0= S -I)or y= ~Sx+3

- hid " 2 *
2
= (v} = -3 ai LA
()  mp(x) =f'(x) = ~3sinx = m,(z) 3

()

(d)

M) = mpy = -3sinx = - 2 = sinx ==

Equation of tangent to y =f(x} at point @: y -0 = -3(x - %) or y=-3x+ 323 @

y
2

® x P03

oo X = Sin'l(%) = 690 / \

V=uf%[(3cosx)2—(-%x+3)2]dx ©
1]
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1997: AB-3
Let f be the function given by f(x) = vx - 3.

(a) On the axes provided below, sketch the graph of f and shade the region R enclosed by the
graph of f, the x-axis, and the vertical line x = 6.

Note: The axes for this graph are provided in the pink test booklet only.

(b) Find the area of the region R described in part (a).

(¢) Rather than using the line x = 6 as in part (a), consider the line x = w, where w can be
any number greater than 3. Let A(w) be the area of the region enclosed by the graph of f,

the x-axis, and the vertical line x = w. Write an integral expression for A(w).

(d) Let A(w) be as described in part (c). Find the rate of change of A with respect to w when
w = 6,

(a)

6

6 1 3
®) A=L(x-3)2dx=k(x~3>2L£—§-3

3
2

=2/3 %3464 ©
©) A(w)=f;w(x—3)5dx ©

(d) By the Fundamental Theorem, A'(W) = (w - 3)2 = A’(6) =y3 ©
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1697. AB-4
Let f be the function given by f{x) = x> — 6x? + p, where p is an arbitrary constant.

{a) Write an expression for f'(x) and use it to find the relative maximum and minimum values
of f in terms of p. Show the analysis that leads to your conclusion.

(b) For what values of the constant p does f have 3 distinct real roots?

{¢) Find the value of p such that the average value of f over the closed interval {~1, 2] is 1.

@ f@ =x-6x7+p = f'(x) =3x% - 12x = 3x(x - 4)

[+ - +
f' test: use number line i

function: incr decr incr

Relative maximum at x =0 == f(0) =p is the relative maximum value @

Relative minimum at x =4 == f(4) =p - 32 is the relative minimum value

(b) f(x) is a cubic polynomial function with a relative maximum and a relative minimum.
- f(x) has three distinct zeros /ff the relative maximum value is positive and the relative

minimum value is negative. p>0 and p -32<0 = 0<p<32

2
© fug® =3[ 07 -6x < prde =1

LY VS, L.
5[4x 2x +px]m1 I

(4-16+2p)—(-i~+2mp)=3 — p =575
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1997: AB-5; BC-5

o

5 4 -3 210 1 2\:%/& 5
(31 "‘1)

The graph of a function f consists of a semicircle and two line segments as shown above. Let g be

x
the function given by g(x) = J’ f)y dr.
0

(a) Find g(3).

(b) Find all values of x on the open interval (-2, 5) at which g has a relative maximum. Justify
your answer.

(c) Write an equation for the line tangent to the graph of g at x = 3.

(d) Find the x-coordinate of each point of inflection of the graph of g on the open interval (-2, 3).
Justify your answer.

{a)

(b)

(c)

(d)

. 3
§(3) = f@ f@Odt = mr? - “bh = n(2) - (DD =n-- ©
x g'(x): -+ — +
) = [ S0 — g0 =10 | | —
-2 2 4 5 x
g: incr decr incr

Since g'(x) changes from positive to negative at x =2, g has a relative maximum at x =2

m=g'(3) =f(3) = -1 and the point of tangency is (3,1: - %)

" the equation of the tangent is y w(n - %) =-1(x-3) ©

Since g is differentiable on (-2 ,5), g is continuous on [-2 ,5].
g’ =f" + - +
% i I {
-2 0 3 5 x
g: cone. up conc. dn conc. up

¢ has points of inflection at x =0 and x = 3 since g"(x) changes sign at each of these values.
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1997: BC-1

During the time period from ¢ = 0 to ¢ = 6 seconds, a particle moves along the path given by
x{(t) = 3 cos(re) and y(t) = 5 sin(m),

(a) Find the position of the particle when 1 = 2.5.

(b) On the axes provided below, sketch the graph of the path of the particle from 1 =0 to ¢t = 6.
Indicate the direction of the particle along its path.

Note: The axes for this graph are provided in the pink test booklet only.
(¢) How many times does the particle pass through the point found in part (a) ?
(d) Find the velocity vector for the particle at any time 1.

{e) Write and evaluate an integral expression, in terms of sine and cosine, that gives the distance the
particle travels from time ¢ = 1.25 to ¢ = 1.75.

(2) x(2.5)=3cos£21‘.=o and y(2.5)=551n%“¥-=5.

At ¢t =2.5, the position of the particle is (0,5). @&

y 1
(b) «;—C- =cosnt and _;', =sinmnt >
x*  y? 2 . 2 '
5 + 55 " cos“ns +sin“nt = 1 (an ellipse) X

(¢) The particle passes through (0,5) three times.

(atr = .5,25, 45

(d) 7 ={(3coswt,Ssinnt) == v ={-3nsinnt,5ncosnt) ©

i 1.75
(e) §= f |V (0| dt = f ‘/(§)2+{~;‘?~)2dz
ty 1.25

175
= f yOn’sin’nt + 25n’cosint dt £ 5.392 ©
125
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1997 AB-6; BC-6

Let v(t) be the velocity, in feet per second, of a skydiver at time t seconds, ¢ = 0. After her
parachute opens, her velocity satisfies the differential equation %— = - 32, with initial condition

v(0) = ~50

(a) Use separation of variables to find an expression for v in terms of r, where ¢ is measured
in seconds.

(b) Terminal velocity is defined as lim v(¢}. Find the terminal velocity of the skydiver to the nearest
foot per second. fee

(c} TItis safe to land when her speed is 20 feet per second. At what time t does she reach this speed?

(a)

(b)

{c)

—f—Zdtmlnlv+16l = -2t +C,

= [v+16}= lee Tl s CleH —y vi16=Ce™ == y=Cpe®-16 *

W0) = =50 == C, = -34 = v=-34e ¥ - 16

lim v(?) = lim (-34e ¥ ~ 16) = -16. The terminal velocity is -16 ft/sec

g - 02 =+ Q0

= -34e ¥ -16

~«20z—34e'2'—16m¢e"2‘=—2~=—->ez‘=17 Zz‘wln--lz tw—l—ln%Z

She reaches a speed of 20 ft/sec at ¢ = é«lnméw % 1.070 seconds ©
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1997: BC-2

Let P(x) = 7 = 3(x - 4) + 5(x — 4)? - 2(x — 4)* + 6(x — 4)* be the fourth-degree Taylor
polynomial for the function f about 4. Assume f has derivatives of all orders for ail real numbers.

(a) Find f(4) and f"'(4).

(b) Write the second-degree Taylor polynomial for f* about 4 and use it to approximate f'(4.3).
X

(c) Write the fourth-degree Taylor polynomial for g(x) = J’ f(t) dt about 4.
4

(d) Can f(3) be determined from the information given? Justify your answer.

” 11 {
@ o= s -9+ L4 L0 -4 ifi%f‘l(x 4y

Px) =7 -3(x - 4) +5(x - 4)* - 2(x - 4)° + 6(x - 4)*

f w7 ad B0 @

() F@) = P®=-3+10(x - 4) - 6(x - 4)*

CF(43) ® -3+ 10(.3) - 6(.3)% = -.54

© gx) = f x(7—3(:-4} +5(t - 47 - 20t - 4))dt -
4

~ -?. - 2+.§. - 3-_]; - 43‘

Tt 2(: 4) 3(t 4) 2(: 4) )

o~ 3 2.9 3 1 4
N7k - 2 - 4P + 2(x - 4)° - S(x - 4)* - 28
x-S 2 -S4

g() = 70x - 4) - g-(x 4 %(x 4y - %cx _ 4y*

(d) NO. The information given provides values for f(4), f'(4), f*(4), f"(4), and f¥(4) only. ©
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1997: BC-3

Let R be the region enclosed by the graphs of y = In{x? + 1) and y = cos x.
(a) Find the area of R.

(b) Write an expression involving one or more integrais that gives the length of the boundary of the

region K. Do not evaluate.

(c) The base of a solid is the region R. Each cross section of the solid perpendicular to the x-axis
is an equilateral triangle. Write an expression involving one or more integrals that gives the

volume of the solid. Do not evaluate.

(@ Lety =cosx and y,=In(x?+1) and use “solve” or “intersect” on calculator to determine

points of intersection at +.9158

Li58
A= f (cosx -In(x? + I))dx = 1.168 ©

8158

\\
) Lo
2
(b) s= 1+{£y_) dx, fy;i = -sinx, "d_yz_ o % .9158
dx dx dx  x%+1
*
9158
2% 2
x°+1

2
{c) For an equilateral triangle, 4 = f—-‘%—i and the solid’s cross section has s = cosx ~In(x? + 1)

x, ‘/3. 9158
V= f A(x)dx = = leosx - In(x? + )] dx

! -.9158
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1967. BC-4
et x = ky? + 2, where &£ > 0.

{a) Show that for all k¥ > 0, the point (4, \/_%-) is on the graph of x = ky® + 2.

{b) Show that for all k£ > O, the tangent line to the graph of x = ky? + 2 at the point (4, \E—n)
passes through the origin.
(c) Let R be the region in the first quadrant bounded by the x-axis, the graph of x = ky® + 2, and

the line x = 4. Write an integral expression for the area of the region R and show that this area
decreases as k increases.

4,&} is on the graph. @

2
@ x=kt*+2;, 4 %k\J/% +2 = k[i—) +2 =4 Therefore,

=2kymﬂ

dx
Ol 2

Vifk
(©) ““f [4 - (ky? +2)
(1]

:(a@_m]
Jeo 3k

*. the area decreases as k increases.
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1998: AB-1
Let R be the region bounded by the x-axis, the graph of y =Vx, and the line x = 4.
(a) Find the area of the region R.

(b) Find the value of h such that the vertical line x = 4 divides the region R into two regions of
equal area.

(c) Find the volume of the solid generated when R is revolved about the x-axis.

(d) The vertical line x = k divides the region R into two regions such that when these two regions
are revolved about the x-axis, they generate solids with equal volumes. Find the value of k.

1th
2,2 .8
3 0 3
2,38
3 3
3
h2=4 = h=916 2520 @

"
= 8n units’ ©
o

4 4
(c) disks: V=1tf ﬁzdx=ﬂf J«:dngdc2
0

v

k : 2
(@) nfxdx=41t=~=>m’%—=41tmk=‘/’8_zz.828
0
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1998: AB-2: BC-2
Let f be the function given by f(x) = 2xe’".

(a) Find lim f(x) and lim f(x).

Xop—oa X—yoo

(b) Find the absolute minimum value of f. Justify that your answer is an absolute minimum.

(c} What is the range of f7

(d) Consider the family of functions defined by y = bxebx, where b is a nonzero constant. Show that
the absolute minimum value of bxebx is the same for all nonzero values of b.

(@ By L'Hospital's Rule (actually by John Bernoulli): OR OBSERVE GRAPH
. 25 . 2x . f(X) - 2xe2x
lim 2xe® = lim ——= lim —=0. ©
) T g X YT

lim2xeZ =00
X o OO

window:; -235<x <235

-35£y<255 .
(b)) F(x) =2x(2e™) + 2 = 2e2(2x + 1) |
foo- +
F®)=0=>x=-2 *
2 fr dect —% incr

By the first derivative test, f(x) has its absolute minimum value at x = w%.

The absolute minimum value is f(—%) =-lz-368 ©

(¢) Since f(x) -is continuous and xﬁ_{i:;o f(x) = oo, the range is {y ly 2 ~—1—} @.

&

(d) y=bxe™, b#0 ==y =bxbe™ + be®™ = be™(bx + 1)
f’: - +
y’ :0 el w2 -l T . » X
b f: decr ~% incr

For both & > 0 and b < 0, there is a relative and absolute minimum at x = -%, b # 0.

The absolute minimum value is y(—4) = -1 = -368,b = 0. ©
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1998: AB-3

v(1)

}

4
90r
80
=
=
- 60
=0
g 50
2= 40
[}
& 30
20
10-
0

5 10 15 20 25 30 35 40 45 50

Time (seconds)

!

(1)

{seconds) | (feet per second)
0 0
5 12

10 20
15 30
20 55
25 70
30 78
35 81
40 75
45 50
50 72

The graph of the velocity v(r), in ft/sec, of a car traveling on a straight road, for 0 <7 < 50, is
shown above. A table of values for v(z), at 5.second intervals of time r, is shown to the right of the

graph.

(a) During what intervals of time is the acceleration of the car positive? Give a reason for your

answer.

(b) Find the average acceleration of the car, in ft/sec?, over the interval 0 €1 < 50.

{c) Find one approximation for the acceleration of the car, in ft/sec?, at ¢ = 40. Show the computa-
pp P

tions you used to arrive at your answer.

50
(d) Approximate f v(1) dt with a Riemann sum, using the midpoints of five subintervals of equal
0

length. Using correct units, explain the meaning of this integral.

(@)

(b)

©

(d)

Positive acceleration implies increasing velocity. a>0 for {#|0<t<35 or 45 <1< 50).

a =

w(50) -v(0) _ 72-0

50-0

a(40) = slope of tangent to graph of v(?) at t = 40,

50-0

36
25

= 1.44 fi/sec?

a(40) = Y82 CEH K-8 _ 5 1 firgec?

OR 0(40) ~ v(35) - v(40) = 81 - 75 =-12 ﬁlSﬁCz OR 0(40) - v(45) - v(40) = 60 -715 =

45 ~ 35

10

35 - 49

-5

(symmetric difference quotient)

45 ~ 40

At =10sec = S =10[¥(5) + (15) +1(25) + v(35) + v(45)] = 2530 feet.

The Riemann sum represents the distance travelled from t = 0 to t = 50 in feet.

1998 AB3
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1998: AB-4

Let f be a function with f(1) = 4 such that for all points (x, y) on the graph of f the siope is given
3x? 4 1
P

by

(a) Find the slope of the graph of f at the point where x = 1.

(b) Write an equation for the line tangent to the graph of f at x = 1 and use it to approximate f(1.2).

. 2
(¢) Find f(x) by solving the separable differential equation % = 3x 2;' 1 with the initial condition
F) =4
(d) Use your solution from part (c) to find f(1.2).
(a) _@;:3x +Iandf(1):4#¢_€y_ z_l.
dx 2y dx .8 2
(b} The equation of the tangent: y -4 = —%(x -1) or y= —%x + %

F(12) = -;-(1.2) +§7" 4.1

3x2 4+ 1
—— %

F) =4 —> C= 14 = f(0) = x* +x + 14

(©) %: ==>f2ydy=f(3x2+1)dx=--¢»y22x3+x+c

@ F(1.2) = 4.114
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1998: AB-5; BC-5

The temperature outside a house during a 24-hour period is given by

F(1) = 80 - 10 cos(%), 0<1<24,

where F (1) is measured in degrees Fahrenheit and ¢ is measured in hours.

(a) Sketch the graph of F on the grid below.

100 , - ,
] ; ;
| 1 i
i i i t
£ e A poosmnoee [
=4 k 1 t
@ H H !
o i | i
« | 1 1
He 80T P pommm e I 1
L% 1 i §
2] i | |
2 : ; :
& MWp-----m-- o e trmm o .
: ; :
i H |
: : :
60
0 6 12 I8 24

Time tn Hours

(b} Find the average temperature, to the nearest degree Fahrenheit, between ¢ = 6 and t = 14.

(¢} An air conditioner cooled the house whenever the outside temperarure was at or above 78 degrees
Fahrenheit. For what values of r was the air conditioner cooling the house?

(d) The cost of cooling the house accumulates at the rate of $0.05 per hour for each degree the ocutside
temperature exceeds 78 degrees Fahrenheit. What was the total cost, to the nearest cent, to cool the
house for this 24-hour period?

1 14 x 100
® F,0=2= (80 - 10cos (Tzf))dt  (a)
= 87.162° = 87° 2 e i
8 .
=}
(¢) Use calculator to solve: -:% 80 ;
I, f H
- i " ; :
80 10008(12)278 3 :
5231 <1 < 18.769 g " | :
e 1 18769 0 xt 50¢ ; i5 1:8 24
@ Fﬂ"g(t) 18.769 - 5231 [5.231 (80 10ces (Tz_))dt Time in H
~ §5.520° * me 1 HBours

Cost =~ .05(18.769 — 5.231)(85.529 — 78) = $5.10
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Consider the curve defined by 2y* + 6x%y — 12x* + 6y = 1.

{a) Show that dy _ _4x - 2xy

dr  x? 4+ yr4+1°

(b) Write an equation of each horizontal tangent line to the curve.

{¢) The line through the origin with slope ~1 is tangent to the curve at point P. Find the x- and

y-coordinates of point P.

(a)

(b)

{c)

ﬁy"‘% ; (6x2% + 12xy) 24x + 6% -0 ——h\a/’r_

(6y2 + 6x% + 6):;%‘?}i =24x - 12xy

) 2y’ +6x7y ~12x* + 6y = 1

x -2 :

;@i:_z__;y_ =62y -

dx ye+x +1 X=x 6})—-12‘—— 1651648005_<.y<2

Tangent line is horizontal iff % =0 iff (4x - 2xy =0 and y2 +x% +120)
dx-2xy =2x(2 -y) =0 = (x=0 or y=2)

y = 2 => no value for x (y =2 is not a tangent; it is an asymptote.)

x=0 = 2y°+6y-1=0 This equation has exactly one solution (by graphical solution or
Descartes’ Rule of Signs).

Using the calculator: x =0 == y & .165 == equation of tangent is y =.165 ©

Equation of the line: y = -x

At the point of tangency: x| -land y=-x
x? +y2 + 1 .

m4x2+4x+1¥0=¢x2—lw¢y=imv}P-w-]L,-}-
2 2 272
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3
Let R be the region in the first quadrant bounded by the graph of y = 8 — x?, the x-axis, and the

y-axis.
(a) Find the area of the region R.
(b) Find the volume of the solid generated when R is revolved about the x-axis.

(c) The vertical line x = k divides the region R into two regions such that when these two regions
are revolved about the x-axis, they generate solids with equal volumes. Find the value of k.

4 3 y
(@ 4= (8'—x2)dx 8
L
54
=8}c—gx2
5 g

3

4 Ed
(8-x Z)de = 11527 ~ 361.911 units®

(b) disks: V= f

[

k 3y _ 1
© nﬁ)(s—xz) dx = (115.21)

3
fo k(-64 ~16x2 +2%)dx = 576

64x - 2252 . 14| 576
5 4 g
5
64k - 222 4 Lyt 576
5T %

Using the calculator; k = 995
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Let f be a function that has derivatives of all orders for all real numbers. Assume JO) = 5,
f10y =-3, f"(0) =1, and f™(0) = 4.

(a) Write the third-degree Taylor polynomial for f about x = 0 and use it to approximate f(0.2).

(b) Write the fourth-degree Taylor polynomial for g, where g(x) = f(x2), about x = 0.
X

(c) Write the third-degree Taylor polynomial for 4, where h(x) = j S(t) dr, about x = 0.
0

(d) Let h be defined as in part (c). Given that f(1) = 3, either find the exact value of h(1) or
explain why it cannot be determined.

@ f0) =fO) +fOx+ %%2 ' f’%;(,o’ %
flxy =35 ~3x+—;-x2+.§x3 ©

f02) 4425 ©

() g(x) =f(x?) =5-3x2 + %ﬁ ©

© wo=["rod=["l5-31r)a
0 o 2
~5r-2424 1 85— Sx2 4 1y @
2 6 lg 2 6

(d) The exact value of A(1) cannot be determined because f{¢) is not defined for 0 < r < 1
it is defined only for ¢ = 0 andr=1 ©
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Consider the differential equation given by % = %

{(a) On the axes provided below, sketch a slope field for the given differential equation at the nine
points indicated.

y
k
@ 3 -5 a
® 24 ®
& 1+ ®
H : x
-1 0 1

(b) Let y = f(x) be the particular solution to the given differential equation with the initial condition
Sf(0) = 3. Use Euler’s method starting at x = 0, with a step size of 0.1, to approximate f(0.2).
Show the work that leads to your answer.

(c) Find the particular solution y = f(x) to the given differential equation with the initial condition
F(0) = 3. Use your solution to find f(0.2).

(@) y

X\ 3+ /
N2+ /S

() Startat(0,3). 2 =0 = Ay~ DAx=0= f(1) 3+0=3.

Bl
&

At (.1, 3), =.15 == Ay = (15)(.1) = 015 == £(2) =3 +.015=3015 @

Bls

x*

= = b ——Id -(Zdx =1 1, C =Ce*
PR = o X< + oy, = 4
(c) ‘? > fy y fz yl=5 y=C,

x*

fO) =3 == C, =3 = y=f(x) =3¢ *

F(0.2) = 3¢ = 3.030
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A particie moves along the curve defined by the equation y = x? — 3x. The x-coordinate of the

particle, x(r), satisfies the equation i—j = @1:—1- for t 2 0 with initial condition x(0) = —4.

(ay Find x(t} in terms of ¢.

(b) Find % in terms of t.

{c) Find the location and speed of the particle at time ¢ = 4.

A 1
(a) x(t)=] L dt-—'%fu ldu=ut=y2t+1+C

y2t +1
(e =2t +1, %du = df)

x0)= 4= C=-5=>x(0=y2%+1-5 ©

{b) yﬂx3—3x=>£yw=£y_;d_x:(3x2_3) 1 ]23(\/5?:—*5)2—3 o
A1) e

d dxdt

(¢) Location: t=4 = x = -2 and y = -2 == the particle is at {-2,-2)

(P dy 2 12 ., /8
Speed: t =4 ed =, ||— —| = || +3*=1==23018 @
P — \J(dt) +(de \5(3) ' 3 ©
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A particle moves along the y-axis with velocity given by v(f) = ¢ sin(lz} fort =2 0.
(a) In which direction (up or down) is the particle moving attime ¢ = 1.5 7 Why?

(b} Find the acceleration of the particle at time f = 1.5. Is the velocity of the particle increasing at £ = 1.5 ?
Why or why not?

(¢) Given that (¢} is the position of the particle at time 7 and that y(0) = 3, find p(2).

(d) Find the total distance traveled by the particle fromf = O tor = 2.

(a) w(1.5)=1.5sm(1.5%)=1.167
The particle is moving up at # = 1.5 because W(1.5)> 0. ©

OR (r)>0 when 0<7 <z ~1772.
Since 15< /7, v(15)> 0 = the particle is moving up. ©

() () =rsin(i?); v(¢)=alt)
a(r) =2t cos(t*) +sin(r*) = a(15)= 2049 ©

No. The velocity is decreasing at ¢ = 1.5 because ¢{15)<0. ©

) )= _fv(t)dt = jt sin(s*)dt = —%cos(z‘z) +C
w0)=3 = C=35
t)=—4cos(r’)+35=> y(2) 3827 ©

2 2
(d) Total distance = ﬁv(t)ldt = ”tsin(z”‘ )la’r ~1173 ©
o ¢

OR ¥(¢)=tsin(t*)=0 when t=00r t=/7~ 1772
W0)=3; WV7)=4; y(2)=3827 |
Total distance = (y(\/;) - y(O)) + ( y(\/;) - y(Z)) ~1173 ©
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The shaded region, R, is bounded by the graph of y = x* and the line ¥ = 4, as shown in the figure above.

{a) Find the area of R.
(b) Find the volume of the solid generated by revolving R about the x-axis.
(¢} There exists a number &, £ > 4, such that when R is revoived about the line y = £, the resulting
solid has the same voiume as the solid in part (b). Write, but do not solve, an equation involving an
" integral expression that can be used to find the value of &,
(a) Points of intersection: x* =4 == x=12
2
Area of R zf2(4 - x)dx = 10.667
2
(b) Washers: ¥=n f 2[(4.)2 - (x)dx = 51.2n = 160850 ©
, é:?%
(c) Washers: V, = n‘f_z[(k ~xH? (k- 4)dx = 51.2% et i) y=

OR

Cylindrical shells: ¥, ~2n [ ‘C-nefldy =512 ©
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t R(t
{hours) (gallons per hour)
0 9.6 ’
3 10.4
6 10.8
9 1.2
12 114
15 11.3
I8 10.7
21 10.2
24 9.6

The rate at which water flows out of a pipe, in gallons per hour, is given by a differentiable function R
of time 7. The table above shows the rate as measured every 3 hours for a 24-hour period.

(a)

(b)

()]

24 '
Use a midpoint Riemann sum with 4 subdivisions of equal length to approximate fo R(1)dr. Using correct

units, explain the meaning of your answer in terms of water flow.
[s there some time ¢, 0 < ¢ < 24, such that R() =07 Justify your answer.

:]%(768 + 23¢ mzz).

Use (1) to approximate the average rate of water flow during the 24-hour time period.

The rate of water flow R(¢) can be approximated by (6 =

Indicate units of measure.

(a)

(b)

(c)

fouR(t)dt = R(3)Ax + R(OAx + R(15)Ax + RQ1)Ax
= (10.4)6 + (11.2)6 + (11.3)6 + (10.2)6 = 258.6 gal. ©

The Riemann sum estimates the total water flow (in gallons) during the 24 hour period.

Yes. There exists at least one time 7, 0 <7 < 24, such that R{(#) = 0. Since R(f) is
differentiable, it is continuous. By Rolle's Theorem, if a function is continuous on a closed
interval [a, ], differentiable on the open interval (a,b), and f{a) = f(b) {note:R(0) = R(24)],
then there exists an x & (a,b) such that f(x) = 0.

RG) = Q) = —_;15(768 £ 231 - 12)

1
24 -0

24
R0 = Q0= f %(768 +23t - 19 dr = 10.785 gal/hr
¢ .
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Suppose that the function f has a continuous second derivative for all x, and that FOy =2, F/(0) = -3,
and f”(0) = 0. Let g be a function whose derivative is given by g'(x) = ¢~ 2* BSflx) + 21 (x)) forall x.

(a) Write an equation of the line tangent to the graph of f at the point where x = 0.

(b) Is there sufficient information to determine whether or not the graph of f has a point of inflection when
x = 0 ? Explain your answer.

(c) Given that g(0) = 4, write an equation of the line tangent to the graph of g at the point where x = 0.

- (d) Show that g"”{(x) = e’z"(—-6f(x) — f(x) + 2f"(x)). Does g have alocal maximumat x = 0 ¢
Justify your answer.

(@ y-2=-3(x-0) OR y=-3x+2

(b) No. There is not sufficient information to determine whether or not the graph of fhasa

point of inflection where x=0. While f(x)=0, it is not a sufficient condition since there
is no way of verifying that f"(x)changes sign about x=0. ©

(© £'(0) =e°CGf(0) +2f'(0)) =0
Therefore, the equation of the tangent at (0,4) isy = 4. @

@) 8'@) =G + 27 ()
g"(x) = (3f' (x) + 2" (%)) + (-2¢ )3 (x) + 2 (1))
= e G () + 2f"(x) - 6f(x) - 4" (x))
= e H(-6f(x) - f'(%) + 21" (%))

x =0 is a critical value (g'(0) = 0 — see part (c)).

g"(0) = e(=6(2) — (-3) + 2(0)) =-9 <0 | | i
Therefore, by the second derivative test, g has a local (relative) maximum at x = 0.
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2, 1)

_’1’23\{;”

4, -

The graph of the function f, consisting of three line segments, is given above. Let g(x) = Lx f(6Hde.

(a} Compute g(4) and g(-2).
(b) Find the instantaneous rate of change of g, with respectto x, at x = 1.
(¢} Find the absolute minimum value of g on the closed interval [-2, 4]. Justify your answer.

(d) The second derivative of g is not defined at x = 1 and x = 2. How many of these values are x-coordinates
of points of inflection of the graph of g ? Justify your answer.

@ &2 =[ f0d=-[' fodt - -23@ - -6

g@ = [*fiar = [*fyds + [*foyde + [ fyar
=AM - ;DM =25 ©

(b} By the Second Fundamental Theorem of Calculus, g'(x) =f(x) = g'(1)=f(1)=4

(c) g'(x)=/(x)=0= x=3 isacritical value. Since g is increasing on [-2,3] and
decreasing on [3,4], g(3) 1s an absolute maximum. Therefore, the absolute minimum must
occur at an endpoint extremum. Using the results of part (a), the minimum value of

g(x)=-6. ©

(d) One; x=1.
g"(x)= f'(x)>00on(-21)
g"(x)= f'(x)<0on(1,2)
g"{x)=f"(x)<0on(2,4)

Therefore, there is a point of inflection at just (1, g(l)).
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In the figure above, line £ is tangent to the graph of y = % at peint P, with coordinates (w, ..,1.2.,], where
x

w > 0. Point @ has coordinates (w, 0). Line £ crosses the x-axis at point R, with coordinates (k, 0).
(a) Find the value of £ when w = 3.
{b) Forall w > 0, find & in terms of w.

(c) Suppose that w is increasing at the constant rate of 7 units per second. When w = 5, what is the rate of
change of k with respect to time?

(d) Suppose that w is increasing at the constant rate of 7 units per second. When w = 5, what is the rate of
change of the area of APQR with respect to time? Determine whether the area is increasing or decreasing
at this mstant.

i

1 dy 2 dy
g :> —— e
@ 7 x° dx X7 dx

2
=27

) 6-+ 2 9
Line [ through (k,0) and {3,4 2=— = —
ine / through (£,0) an ( 9) has stope 3 27:;!{ 5 @
. 1 2
(b} Line/through (k 0) and [w, ;{) has slope ——
W
O-d -2 3w
Then k_w-v.»w3.:>k—-‘“i*~ @
de 3dw 3 21 .
o E.24% 32l i ©
© T a 5D wiskee €
1., 1 /3 1 |
(d) Areaof APQR=—(k - w)—— = = W =~ W] = —p !
Q 2( )wz 212 w2 4

A 1 dw 1 7 .
. = i = L o= = Ty 5 e °t32 &)
a aid 100007 g uuitssec ©

Since % <0, the area of APQR is decreasing.
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A particle moves in the xy-plane so that its position at any time 7, 0 < ¢ £ x, is given by

2
x(1) = -’5- ~ In{l + £) and p(r) = 3sin 1.

(a) Sketch the path of the particle in the xy-plane below. Indicate the direction of motion along the path.

(b) Atwhattime s, 0 < ¢ £ #, does x(¢) attain its mirimum value? What is the position {x(2), ¥(#)) of the
particle at this time?

(c) Atwhattime?, 0 < < 7, is the particle on the y-axis? Find the speed and the acceleration vector of the
particle at this time.

J
(a)
' x
o] 1
by w0 =t —— = L e
(®) 1) L+t I+t M_HJF\/E
Critical values: x()=0=1r= 5 618 x(0): l — -+ '
t
b ~1445 ﬁ’
By the first derivative test (see diagram), x(r) 2 )
145 x(1): | decr 1 incr. l
attaing its minimum value at 1= — = = 618,

Since x(.618) = -.290 and y(.618) = 1,738, the particle's positionﬁ at ¢ = .618 is (-.290, 1.738).

(c) (H)=0=t~1.2858
W=t- < andy' (f) =
xH=1- T andy' (f)=3 cos ¢

All vector components are rounded to three decimal places.

speed = | ¥ | = \/( (12858))° +(y'(12858))" =/ 8487 +.843 ~1196

i
x"(y=1+ (1+r)2 and y"(f) = -3 sin ¢

a=(x"(12858),y"(12858) ) = (1191,-2879) @
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The function f has derivatives of all orders for all real numbers x. Assume f(2) = ~3, £%42) = 5, 72y =3,
and f,w(z) — “‘8. .

(a) Write the third-degree Taylor polynomial for f about x = 2 and use it to approximate f(1.5).

(b) The fourth derivative of f satisfies the inequality | f“’*>(x)| < 3 forall x in the closed interval [1.5, 2]. Use
the Lagrange error bound on the approximation to £(1.5) found in part (a) to explain why 7(1.5) # -3,

{c) Write the fourth-degree Taylor polynomial, P(x), for g(x) = f (xz + 2) about x = 0, Use P to explain
why g must have a relative minimum at x = 0.

@ P =f@ -2+ LBy L8 -2y
- 305G -2 -2 ©
AL5)=P(1.5)= —49583 ~-4.958 ©

4 X - ¢ 3x«~2)4
® [R(x2)| = (")( 4!2) } S{ (24 |

)
R,(15,2)] < o | = 0078125 ~ 008

Thefefore, the value of f (1.5) 1s between (—4.958 - .008) and (-4.958 + .008).
Then —4.966< f(15)<-4.950 = f(15)=-5 ©

) g(x)=f(x*+2) = -3 +5x%+ %x“ = P(x)

" {m
The Taylor series for g(x) about x =0 is g(x) =g{0) +g'(O)x + %%szz +ooue q)—x" toeee
nl

The coefficient of x in P(x) = 2°(0) =0 == x =0 is a critical number of g.

The coefficient of x in P(x) = s‘;’-;—('ol =5 = g"(0) =10 >0.

Therefore, by the second derivative test, g has a relative minimum at x = 0.
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Let f be the function whose graph goes through the point (3, 6) and whose derivative is given by

f(}_1+e

x

(a) Write an equation of the line tangent to the graph of f at x = 3 and use it to approximate f(3.1).

(b} Use Euler’s method, starting at x = 3 with a step size of 0.05, to approximate f(3.1). Use /' to explain
why this approximation is less than f(3.1).

{c) Use J:J JS(x)dx to evaluate F(3.1).

x

@ F@-= == f(3) = L+e’ =~ 2.343

X
Equation of tangent: y - 6 =2.343(x -3) OR y =2.343x - 1.029
fG1) =y3.1)=6234 @

- () Ay =f'(x)Ax, Ax = .05 and, initially, x=3, y=6

3
- “2“’ ~6+.1171 = 6.1171
1 33'05
Ay = > (05) =.1188 == f(3.1) ®6.1171 +.1188 = 6.2359 ~ 6.236 ©
" x%e —2x(1+e*) x-2e*-2
i) = = 5 ,x=0

Since f"(x)>0, Vx 23, fis locally concave up when x > 3. Therefore, the tangent segments
used to approximate values of fx) are below the graph of f. This yields approxzmanons less
than the actual values of f(x). The graph of f" is shown below.

£

© [rwd-fa1-f0o) T /
2377 = f(3.1) - 6 —t

fBI) 62377 ~ 6238 © / x
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157

y=1-cos x

ol

Let R be the shaded region in the first quadrant enclosed by the graphs of y = ¢~
y-axis, as shown in the figure above.

, ¥y =1 — cos x, and the

(a) Find the area of the region R.
(b) Find the volume of the solid generated when the region R is revolved about the x-axis.

(c) The region R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a square.
Find the volume of this solid.

(1) e =1-cosx at x =0.941944 = B
b
A= [ ()= na()s y
a A
B e ..
A mj e"tl —(lwcosx)]dx ~0.591 )
G b‘
2 2
®  Ver [ (a0 CEANI
5 "
Ven [(e) ~(1-cosx)’ ]dx ~1747
b ’
(c) Vo= j[ ¥ (x) ~¥, (x)] dx y
aB 2
V= ﬂe-xz —(1—cosx)] dx = 0461
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-

131

[
— D
i

(3, 10 (10, 1)

—
<

Velocity of Runner A
(rmeters per second)

O ke W e Oy -] 00N

Time
(seconds)

Two runners, A and B, run on a straight racetrack for 0 < ¢ < 10 seconds. The graph above, which consists of
two line segments, shows the velocity, in meters per second, of Runner A. The velocity, in meters per second, of

Runner B is given by the function v defined by v(1) = 2?_": 3

(a) Find the velocity of Runner A and the velocity of Runner B attime r = 2 seconds. Indicate units of
measure.

{b) Find the acceleration of Runner A and the acceleration of Runner B at time ¢ = 2 seconds. Indicate units
of measure. '

(¢) Find the total distance run by Runner A and the total distance run by Runner B over the time interval
0 £t £ 10 seconds. Indicate units of measure.

2 0sres 20 48
(@ Sincev,(®=93 ~ =~ , V(2) = == mfs; vp(2) = — s ©
10,3<1<10 3 7

(b} From the graph: a(f) =v'(f) == a,(2)= -13—0 m/s? @
24¢ 72 72

V()= = aq,(h=—"— = a,(2)=-Zmis? ©
5() 2t +3 5 (1) (2t +3)? 5(2) 49

@ sy=["v@de=["v 0 [ = %(3)(10) (10 =85m O

10
24¢

i+

10
5= [ vgnydt = Sdix 83336m ©
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4

726 a4 3 2

The figure above shows the graph 6f J7, the derivative of the function f, for —=7 £ x £ 7. The graph of f’ has
horizontal tangent lines at x = =3, x = 2, and x = 5, and a vertical tangent line at x = 3,

(a) Find all values of x, for ~7 < x < 7, at which f attains a relative minimum. Justify your answer.
(b) Find all values of x, for ~7 < x < 7, at which f attains a relative maximum. Justify your answer.

(c) Find all values of x, for -7 < x < 7, at which f”(x) < 0.

(d) Atwhat value of x, for ~7 < x < 7, does f attain its absolute maximum? Justify your answer,

&) - i + ! + o ~N X
(a) T 1 T T T
Jfy -7 Inmcr -3 Deer -1 Incr 5 Imcr 7

There are critical numbers where f’'= 0: x = -5, -1, 5. By the first derivative test, we look
for critical numbers, ¢, for which f'< 0 whenx < cand f'> O whenx > ¢. By the graph
of f', this occurs at x = -1. Therefore, there is a relative minimum only atx = -1.

(b) By the first derivative test, we look for critical numbers, ¢, for which f ‘> 0 when x < ¢ and
f'< Owhenx > c¢. By the graph of f’, this occurs at x = -5. Therefore, there is a relative
maximum only at x = -3,

(¢} f"x)<0 == f'(x) exists and is decreasing.
By the graph of f', f"(x)<0 for {xl -T<x<-3V2<x<5Ax=# 3}. )

(d) x = 7. The absolute maximum must occur at x = -5 or at an endpoint. f{(-5) > f(-7) because
fis increasing on (-7,-5). The graph of f’shows that the magnitude of the negative change in f
from x = -5 to x = -1 is smaller than the positive change in f from x = -1 to x = 7. Therefore,
the net change in f is positive from x = -5 tox = 7, and f (7} > f(-5). So, f(7) is the absolute

maximum.
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Water is pumped into an underground tank at 2 constant rate of 8 gallons per minute. Water leaks out of the tank
at the rate of v/ + [ gallons per minute, for 0 < ¢ < 120 minutes. At time ¢ = 0, the tank contains 30 gallons of
water.

(a) How many gallons of water leak out of the tank from time r = 0 to ¢ = 3 minutes?
(b} How many gallons of water are in the tank at time ¢ = 3 minutes?
(c) Write an expression for A(1), the total number of gallons of water in the tank at time +.

(d) At what time ¢, for 0 < ¢ < 120, is the amount of water in the tank a maximum? Justify your answer.

Given Ej}:} =8 gal/min, % =+/1+1 gal/min, and 4(0)=30.

3
(@ L, =J.(t+1)%dr :_25(”1)"%;3 m—i—;.—
G

(b) A(3)= 30+(3)(8)—}~§2 = -1-?-

(©  Alf)= 30+81—f«/1+xa’x OR

At} =jA’(t)dt = H:8~(t + i)%}dz =81 —%(t +1)§ +C

4 3
4(0)=30 = cz%z A(;)zgtm?g(ﬂi)gﬁ;

(d)  A()=8-+1+1, 0<r <120, implies that A{¢) is continuous on [0,120]. Critical
values: A'(¢)=0 implies that 7 =63. Since A'(¢)>0 when 0 <t <63 and 4'(f)<0

when 63 <t <120, A(t)has an absolute maximum at ¢ = 63. (First Derivative Test)
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2000: AB-5; BC-5

Consider the curve given by xy* ~ x°y = 6.

2,02

(a) Show that -dl = g—xy—m—);—
dx 2xy - x

(b) Find all points on the curve whose x-coordinate is 1, and write an equation for the tangent line at each of
these points.

(c) Find the x-coordinate of each point on the curve where the tangent line is vertical.

y
| " N
@ »’-xy=6 — x2)% +y2'1-[x3~5—'@- +y(3x2)]=0 NN
dx dx :
dy . dy _ 3xy- y © 2 4]
- X = 3x? = -zl +
= (20 -x%) =30l -2 e e
i
f

(b) x=1 = y?*-y=6 == y=3 or y=-

! =0 = the equation of the tangent is y=3 &
(1,3

=2 == the equation of the tangent is y +2 = 2(x - 1) ©
(1,-2)

& &l&

(¢} There is a vertical tangent where & _ 0.
-
L. 2ymx i 2xy-x*=0and 3x% -y2 £ 0
dy 3xly-y?

= x{2y~x%)=0 = x=0ory= %x’. But x # 0 (See given equation).

VO W ;x =6 == x°=-24 = x= 1/—24
4
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2000: AB-6

2
Consider the differential equation E;Y_ = -3i-.
dx G

{a) Find a solution y = f(x) to the differential equation satisfying fG) =

3 b

(b) Find the domain and range of the function f found in part (a).

dy _ 3x? j‘z ]‘ 1
a e id - 3 2 — 2ym 3
(a) wlen e*dy xidy == 2e x3+C

J(0) =

—I- = C:
2

=3 e¥=2+e == 2y=In(=d+e) — y=-§—ln(2x3+e) ©

3

x> —_e..}
2

(b) 2x3+e>0 — x3>~»§ == the domain*{x

Since2x? + e takes on all positive real values, the range = R (the set of reals) ©

Y

g
]

N
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2000: BC-3

The Taylor series about x = 5 for a certain function f convergesto f(x) forall x in the interval of

convergence. The nth derivative of f at x = Sisgivenby f (mh(s5) =

(-1)"n! 1
S P and £(5) = =,
2"n + 2) and f00) =3

{a) Write the third-degree Taylor polynomial for f about x = 3.

(b) Find the radius of convergence of the Tayior series for f about x = 5.

(c) Show that the sixth-degree Taylor polynomial for f about x = 5 approximates f(6) with error less

1
than m‘ .

(a)

(b)

)

e

Graph of P,

P) =f5) < O - 9) + L0 - 57+ L) -5y

P = -5t - L5 ©

iy
AN WD w o
T T

Using the ratio test for absolute convergence:

lrz~.~1 1, -‘5-:4'5:2;1-1“
- +
a i 2n(+1 : §n )1 '{x i 5)’“5 :§:
o= lim [-22L = |im 2 (23 1) o
X ey OO an X 00, (_l)nnf ‘- S)n -H
2"(n + 2)n!
= lim (-1 N+ )t (x -5y e 2%n + 2)mt | _ lim (“1)("+2)(x_5);:; st{
x=ea| 27y & 3)p + 1) (=1)'nl(x -~ 51| *—e| 2(n+3) 2
x5 x-5

<] = -1< <] = -2<x-5<2 = 3<x<7

2

Therefore, the radius of convergence = 2. ©

Since 6 is in the interval of convergence and this is a strictly alternating convergent series, the
truncation error is less than ]a,, 1

11

1|
27(9)|_1152 1000

-1y’ 7! (-5
27(9y7!

o -

x=6

Therefore, the error is less than
000
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2000: BC4

A moving particle has position (x(#), ()} at time . The position of the particle at time s = I is (2.6), and the

velocity vector at any time ¢ > 0 is given by (1 - —%- 2+ iz)
13 t

{a) Find the acceleration vector at time ¢ = 3.
(b) Find the position of the particie at time ¢ = 3.
(¢} For what time ¢ > 0 does the line tangent to the path of the particle at (x(¢), y(1)) have a slope of § 7

(d) The particle approaches a line as 1 — . Find the slope of this line. Show the work that leads to your
conclusion.

(@ @)= <(l_t ) d(z” )>x(2r“3,-2r3)

o Fo={[0-1?)a, f(z*'t'z)dt):(tu"+Cl,21‘—t“’+C2>
1=1, F =(2,6) == C,=0and C,=5 ¥
26 i : 1
1Bi- I ] }
— . 18 f il ]
PO =(r+1 20171 +5) .
10_ I
8
at £=3 r=<1_0,£> :
3°3 - :
2
4 | ! -

dx 2

-2
(d) The slope of the asymptote = fim /% = jm 2717 .5
‘oo difdi 1w ] 72
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2000: BC-6

d
Consider the differential equation given by EE =x{y — 1)~

(2) On the axes provided,.sketch a slope field for the given differential equation at the eleven points indicated.

=2

~14

(b) Use the slope field for the given differential equation to explain why a solution could not have the graph

shown below.

2 -1

(c) Find the particular sclution y =f(x) to the given differential equation with the initial condition f(0) = 1.

(d) Find the range of the solution found in part (¢).

(a) (b)
y
. s e
x (c)
X #
Y
. ]
. (d)

2000 BC6

Because when y=1, i ={ and in the
X

given graph there is no horizontal tangent
when y=1.

dy 2 1
—=x{y-1 :>J. d =jxclx::>
Y -0
—-_—1—=~1~x2+C:>yx1— !
(-1 2 ~x'+C
2

: 2

f(O)m—l:éCm;::»y=1~x2+1

The range of y = f(x) is {y{~—~1£y<1}
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